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Overview
Topological insulators (TIs) are new states of quantum matter that have fundamentally
challenged our knowledge of insulators and metals. They are insulators in the bulk, but
metallic on the edge. A TI is characterized by a so-called topological invariant. This
characteristic integer number is associated to a mapping between two topological spaces
and can be safely defined in lattice models of electronic systems. Due to the bulk-edge
correspondence a non-trivial value of the topological invariant leads to topologically pro-
tected edge or surface states. To get insight into the electronic characteristics of these
edge/surface states, however, an effective continuum theory is often needed. In this the-
sis we will address the suitability of continuum low-energy theories to describe both the
topological bulk properties and the surface state characteristics of TIs. The models which
are topologically well-defined are called topological k ·p Hamiltonians. After introducing
a necessary background in chapter 1 and 2, we will discuss in the methodological chapter
3 the strategies that have to be taken into account to study the presence of topological
surface states when using the topological k ·p Hamiltonians. In chapter 4 we will study
two different model classes associated to a spherical basis manifold. Both have an integer
topological invariant, but one shows a marginal bulk-edge correspondence. In chapter 5 we
will study a different continuum theory where the basis manifold corresponds to a hemi-
sphere. We then apply all these ideas to a time-reversal invariant TI – uniaxially strained
Mercury Telluride (HgTe). We determine the spin textures of the topological surface states
of strained HgTe using their close relations with the mirror Chern numbers of the system
and the orbital composition of the surface states. We show that at surfaces with symmetry
lower than C2v, an increase in the strain magnitude triggers a topological phase transi-
tion where the winding number of the surface state spin texture is flipped while the four
topological invariants characterizing the bulk band structure are unchanged. In the last
chapter we will give a summary.
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1 Introduction
Topology is a mathematical field related to geometry which concerns with the properties of
space that are preserved under continuous deformations [1]. A topological space is simply a
space of points (position x or momentum p) with a canonical metric measuring the distance
between them. Topology comes into play by considering the two fundamental properties
of these spaces: connectness and compactness. The first one describes whether the space
consists of two or more separated subspaces. The other property describes whether there
are boundaries or not. The most important implication is that one can associate to the
mappings between topological spaces topological invariants. Mathematical examples are
the compact manifolds which can be classified topologically according to their genus. This
number does not change under invertible transformations, excluding tearing and gluing
processes. This homeomorphism is a function from one topological space to another where
the inverse image of any element is again an element of the same topological space. In
many physical situations this is satisfied and thus topology has journeyed from the purely
mathematical arena to feature in nearly all fields of physics. In particular, the discovery
of topological insulators (TIs) has disclosed a new state of quantum matter that has a
tremendous impact in the field of condensed matter physics with potential applications
in quantum computation and spintronics [2]. TIs are bulk insulators with a conducting
surface. The surface carriers are Dirac particles with an energy which increases linearly
with momentum. These metallic edge states are topologically protected against generic
perturbations preserving the bulk symmetries of the underlying topological class and the
intrinsic insulating behavior. The robustness of these metallic edge states is encoded
precisely in a topological invariant classifying the ground state of the insulating system.
With non-interacting lattice Hamiltonians at work, the band structure of an insulator can
be viewed as a mapping from the periodic Brillouin zone, which has the topology of a
torus T d in d-dimensions to the space of Bloch Hamiltonians with an energy gap. It is this
mapping that generally allows for the definition of a topological invariant in an insulating
system.
Combining the idea of topology and an effective low-energy continuum description of an
insulating system is the subject we want to deal in this thesis. However, there is a hidden
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Figure 1.1: Illustration of the holographic principle connecting the theory on the edge
with the bulk theory.
dichotomy in this idea which is quite important. On the one hand we can write down a
generalized low-energy theory as an expansion of the momentum pj
H = A+
∑
i
Bip̂i +
∑
i≤j
Cij p̂ip̂j + ..., (1.1)
where the structure of the matrices A,B,C collects the internal degree of freedoms. This
is an expansion around a local minimum. On the other hand, we destroy the non-local
topological features from the underlying theory since the compact manifold turns into the
non-compact plane. At a first sight, topology needs information up to an infinite order.
The presence of edge states can be instead well described by such a local low-energy
continuum theory. In other words, the defining property of topological insulating states of
matter can be well described by a local theory but its existence can be only predicted by
a non-local bulk theory. The non-local (bulk) and the local (edge) description are related
by a holographic principle similarly to the AdS/CFT correspondence combining general
relativity and quantum field theory. Here we find an equivalence between the bulk theory
and the physically relevant edge part. This is the so-called bulk-edge correspondence [3, 4]
(illustrated in Fig. 1.1) which is a one-to-one correspondence between the bulk topological
invariant and its local (most Dirac-like) Hamiltonian on the boundary or surface with a
topologically trivial material.
We are going to highlight the idea of topological k ·p Hamiltonians. This means we want to
study under which circumstances it is possible to use a continuum treatment to understand
the underlying edge physics from an approximate bulk theory. These continuum theories
are local in the sense of describing the low-energy bulk excitations around a local minimum
of the band gap, but they have to be global in a topological sense ensuring a well-defined
mapping.
2
2 Topological states of matter
Research in the interdisciplinary field of topology and physics is quite old and started al-
ready in the beginning of the twentieth century [5]. However, the hype of Topological states
of matter started in the 80’s. Before this, it was commonly believed that the existence of an
energy gap uniquely defines an insulating ground state. Therefore, it was quite surprising
that one could find new properties associated to insulating states/phases, which distinguish
them. These new properties are stored in a global (and topological) quantity, in contrast to
Landau’s conventional theory of a local order parameter distinguishing phases with differ-
ent symmetries. This additional concept had a huge impact in the physics community –
especially in condensed matter physics – and lead to the discovery of topological insulators
(TIs). The fundamental property of a TI is the presence of (gapless) boundary or edge
excitations: only the bulk is truly insulating and the number of topologically protected
edge states corresponds directly to a global bulk topological invariant via the bulk-edge
correspondence. This topological invariant does not change if one smoothly deforms the
system without destroying its symmetries and/or closing the gap.
The most important symmetries are the three discrete symmetries: C = PT sublat-
tice/chiral symmetry, P charge conjugation/particle-hole symmetry and T time reversal
symmetry. Let us consider a general Hamiltonian of fermions without interactions
H =
∑
αβ
ψ̂†αHαβψ̂β = Ψ̂†HΨ̂, (2.1)
where Ψ̂ is a spinor collecting all N fermionic annihilation operators ψ̂α in a vector form.
The parameters α, β are multi-indices for all degrees of freedom of the system, such as
spin, orbital and sublattice degrees of freedom. The fermionic operators fulfill the anti-
commutator relations
{ψ̂α, ψ̂β} = 0 and {ψ̂α, ψ̂†β} = δαβ. (2.2)
The important point is that this relation connects the second-quantized Hamiltonian H
with a first-quantized (or single-particle) one H. This also affects the three generic symme-
3
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tries which can commute with the second-quantized Hamiltonian. The fermionic character
together with the antiunitary and unitary representation of the symmetry operators lead
then to
{C, H} = 0, {P , H} = 0 and [T , H] = 0 (2.3)
on the first-quantized level. One can show that they have to square as [6]
C2 = +1, P2 = ±1 and T 2 = ±1. (2.4)
This gives the possibility to distinguish all Hamiltonians in a tenfold way, originally found
in the random matrix approach of Altland and Zirnbauer [7], by the signature (C2,P2, T 2)
(see Tab. 2.1). In a lattice-periodic system described by the reciprocal lattice vectors G
the relations above change to
CkH(+k) = −H(+k)Ck, PkH(+k)∗ = −H(−k)Pk and TkH(+k)∗ = +H(−k)Tk, (2.5)
where we used the definitions Pk = PkK and Tk = TkK, with K the complex conju-
gation. The definition of time reversal and particle-hole symmetry allows to construct
the chiral operator as Ck ∝ P−kT ∗k up to a phase. A unitary change of the Hamilto-
nian: H̃(k) = U(k)†H(k)U(k), leads then to the following transformation of the discrete
symmetry operators
Ck = U(k)†C̃kU(k), Pk = U(−k)†P̃kU(k)∗ and Tk = U(−k)†T̃kU(k)∗. (2.6)
An important consequence of this is that a unitary transformation leaves the triple of the
signs of the squares of Ck, Pk and Tk invariant. However, the unitary transformation can
introduce an explicit k dependence in the symmetry operators. To have a k-independent
definition of the symmetry operators, one generally has to find a proper lattice-periodic
unitary operation. If this is possible while leaving the Hamiltonian in the Bloch-form
Hk+G = Hk, the model has C-, P- and/or T -symmetry.
Symmetry-protection is one aspect of topological phases. Another one is the insulating
behavior of the fermionic system. For insulators it is possible to distinguish bands (or
band bundles) from each other over a basis manifold. These are the occupied bands and
the non-occupied bands, and the manifold is the Brillouin zone (BZ) , which has the shape
of a torus. However, one can extend this argument. One can adiabatically transform the
band structure of an insulating system to a metallic system with electron and hole pockets
4
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Table 2.1: Part of the periodic table of topological insulators and superconductors [3].
The first column contains the names of the symmetry classes of disordered
system after Altland and Zirnbauer [8, 7]. The second column indicates
the signature of the three discrete symmetries. The absence of a symmetry
is marked by a zero. The last column contains the possible topological
indices with respect to the dimension d = 1, 2, 3 where Z are the integers
and Z2 = {0, 1}. The classes 2Z indicate even integers .
classes symmetries dimensions
C P T 1 2 3
A 0 0 0 0 Z 0
AIII 1 0 0 Z 0 Z
AI 0 0 +1 0 0 0
BDI 1 +1 +1 Z 0 0
D 0 +1 0 Z2 Z 0
DIII 1 +1 −1 Z2 Z2 Z
AII 0 0 −1 0 Z2 Z2
CII 1 −1 −1 2Z 0 Z2
C 0 −1 0 0 2Z 0
CI 1 −1 +1 0 0 2Z
sitting at different k-points in the BZ via a warping. A warping is a change in the band
structure such that there exists a finite energy difference between the two band bundles at
each individual k-point in the BZ. In other words the system has local (direct) gaps but
does not have a full bulk band gap. This property of a system which we denote as the
warping gap condition, allows to define a topological homotopy transformation between
an insulator and a metal. The response of such a metallic system in an experiment,
such as a Hall conductivity measurement, will be an overlap of the topologically induced
edge contribution and bulk states contribution. Independently of that concern, there are
methods such as ARPES measurements where such an extension is appropriate.
Topology allows us now to characterize all mappings between the basis manifold and
the target manifold presented by the band bundles. This can be simply the number of
occupied states, a winding number, a Chern number and so on, but it is always a topological
invariant. For the three discrete symmetries, the topologically distinguishable classes are
presented in Tab. 2.1 for dimensions d = 1, 2, 3. Schnyder et al. [9], Kitaev [3], and Ryu et
al. [10] provided a classification in all dimensions according to the three generic symmetries
of the ten Altland-Zirnbauer (AZ) classes [7], and found five different topologically non-
trivial classes in any dimension.
In this chapter we will study selected TI models and touch upon the idea of effective models
to describe them.
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Figure 2.1: The two different topological insulating phases δt > 0 and δt < 0 of the
SSH model are shown in (a) and (b) respectively. The Cs are the carbon
atoms, whereas H represent hydrogen atoms using Lewis dot structures.
2.1 The SSH model and the Jackiw-Rebbi solution
The Su-Schrieffer-Heeger (SSH) model is the simplest example of a TI. It is a tight-binding
(TB) model for a one-dimensional dimerized atomic chain originally introduced by Su,
Schrieffer, and Heeger in 1979 to describe the organic polymer polyacetylene: an atomic
chain of carbon atoms with alternating single and double bonds [11]. Fig. 2.1 illustrates
such an open chain (unit cells L = 3) using the Lewis structure notation.
The SSH model is a realization of a spinless fermionic one-dimensional insulator belonging
to the symmetry class BDI of the Altland-Zirnbauer classification. It indeed possesses
time-reversal, particle-hole, and consequently chiral symmetry. Indicating with A and B
the two atom basis of the lattice, the tight-binding Hamiltonian for L unit cells in real
space can be written as
H = −
L∑
i=1
[
(t+ δt)c†A,icB,i + (t− δt)c
†
A,i+1cB,i
]
+ h.c., (2.7)
where c†A/B,i, cA/B,i are operators creating and annihilating, respectively, an electron on
the A and B sublattice at the i-th unit cell. In addition, h.c. stands for the hermitian-
conjugate of the the first part of the Hamiltonian. The parameter t > 0 describes the
homogeneous hopping amplitude, while δt is a dimerization term which can be positive or
negative, but small as compared to t (|δt|  t). By choosing periodic boundary conditions
(PBC), i.e. c†A,L+1 = c
†
A,1 and c
†
B,L+1 = c
†
B,1, we can express the Hamiltonian in momentum
space by defining the Fourier transformed operators
cA/B,k =
1√
N
L∑
j=1
cA/B,je
−ikaj, (2.8)
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Figure 2.2: The bulk spectrum of the SSH model is plotted for different values of |δt|.
At δt = 0 we find a gap-closing point at ka = π which separates two
different topologically insulating regimes.
where a is the lattice constant. By further using the spinor notation Ψ†k = {c
†
A,k, c
†
B,k}, the
Hamiltonian can be recast in the form H = ∑k∈BZ Ψ†kH(k)Ψk with the BZ (−π/a, π/a],
which has the topology of a one-dimensional circle S1. The 2 × 2 hermitian matrix H(k)
instead reads
H(k) = hx(k)σx + hy(k)σy, (2.9)
where we introduced the usual Pauli matrices σi defined in the appendix (A), and
hx(k) = −(t+ δt)− (t− δt) cos(ka) , hy(k) = −(t− δt) sin(ka). (2.10)
The energy spectrum of the SSH model then consists of two-bands with dispersion relation
E± = ±
√
h2x(k) + h2y(k) = ±
√
2(t2 + δt2) + 2(t2 − δt2) cos(ka). It has a full band-gap
except for δt = 0, in which case the gap closes at the BZ edge k = π/a. The spectrum is
plotted in Fig. 2.2.
As one can see, the sign of the dimerization term has no effect on the spectrum. However,
as we next show, δt > 0 and δt < 0 represent two topologically distinguishable states, with
their difference encoded in the structure of the eigenstates |E±〉.
It is important to notice that topology comes into play because of the presence of the
chiral symmetry. Since the latter is represented by σz, the chiral symmetry implies the
anticommutation relation: {σz, H(k)} = 0. This also implies that, as found in Eq. (2.9), a
generic Hamiltonian in the BDI class is defined by the form of the coefficients (hx, hy) of
a two-dimensional vector in the σx,y space.
A general mapping f : BZ → |E−〉 characterizing the lowest energy band of a system can
7
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W=0(a) (b) (c)W=+1 W=+2
Figure 2.3: The winding numberW counts how many times a closed path goes around
the point (0, 0) representing the gap-closing point. The reason why all
paths do not cross the center is the insulating behavior of this system
with chiral symmetry. The winding number is integer.
be then written as a mapping f ′ : BZ → R2\{(0, 0)} where the point (0, 0) corresponds
to a gap closing point in the BZ. For an insulating system, this point cannot be present
demonstrating that a generic insulating Hamiltonian with chiral symmetry is specified by
a vector (hx, hy) living on a two-dimensional space with an excluded origin (0, 0).
We can now associate to every point in the space R2\{(0, 0)} a point on the circle (or
1-sphere) S1 using the transformation
(ĥx, ĥy) :=
1√
h2x + h2y
(hx, hy) ∈ R2 or ĥ :=
hx + ihy
|hx + ihy|
∈ C, (2.11)
where in the latter formula we used the complex number space C such that ĥ ∈ U(1). This
transformation leads finally to a mapping f ′′ : BZ ' S1 → U(1) ' S1 between two one-
dimensional spheres, which, precisely as f , is a mapping between the BZ and the lowest
energy band. The transformation we adopted is called an homotopy transformation, which
simplified the geometry of the target space but leaves the topology unchanged.
The advantage of f ′′ is that one can naturally relate to this mapping a winding number
W . This number counts how many times the path S1 of the BZ goes around the origin
(0, 0) as illustrated in Fig. 2.3.
It can be derived using the formulation of the mapping in the complex plane and defining
the multivalued logarithm log ĥ = i(arg h+ 2πn). We indeed have
W = 12πi
∫ +π/a
−π/a
dk
d
dk
log h(k). (2.12)
For the SSH model we find either |W | = 1 for δt < 0 (non-trivial) or W = 0 for δt > 0
8
2 Topological states of matter 2.1 The SSH model and the Jackiw-Rebbi solution
-2
-1
0
1
2
δt/t=+0.2
E/
t
-2
-1
0
1
2
δt/t=-0.2
E/
t
(a) (b)
2 4 6 8 10 12 14 L=∞ 2 4 6 8 10 12 14 L=∞
Figure 2.4: The spectrum of the TB Hamiltonian is shown for different system sizes L
and t > 0. For small L we show only the band edges (gray) and the edge
states (red), while in the infinite limit we plot the full spectrum. The two
edge states are degenerate at E = 0 in the limit L→∞.
(trivial). To come from one chiral system to the other we have to close the gap or break the
chiral symmetry. Without these changes this number is fixed. It is a topological quantity.
It must be clear that this topological consideration only works due to the periodic ar-
rangement in an infinite large system (L→∞) to have a continuous and compact k space.
Going now to a finite system one can ask what are the consequences of the topological
properties in the bulk.
For an open chain, the momentum k is no longer a good quantum number. Let us consider
the corresponding TB model with an integer number of unit cells L. Fig. 2.4 shows the
energy levels of the TB Hamiltonian with respect to L, which consists of two parts. The
first part represents states of the so-called projected bulk spectrum. These states are given
in the energy interval: 2|δt| < |E| < 2t. The topologically non-trivial property has a
physical consequence in the second part. For δt < 0 one finds zero-energy edge states
which are not present for δt > 0. This is a manifestation of the bulk-edge correspondence.
The presence of zero energy end states can be also studied using the low-energy continuum
theory. The SSH model is the simplest example where we can use this technique. For this
model the low-energy excitations are close to k = π for |δt|/t 1 and a = 1. Starting an
expansion around this point up to the second-order gives us the effective Hamiltonian
H(π + k) = vFkσy +m(k)σx +O(k3), (2.13)
where the Fermi velocity vF = t − δt > 0 and the mass term m(k) = M − Bk2 with
9
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M = −2δt and B = (t + δt)/2 > 0. One can simply show that the application of
the winding number definition to this approximate model leads to the winding number
W = (1− sign(δt))/2 by integrating from −∞ to +∞ instead over the BZ. This winding
number is now exactly the same as the one of the lattice model but without a momentum
cutoff. It implies that the lattice structure of the SSH Hamiltonian is not essential in order
to have an integer topological invariant. This is also reflected in the presence of zero-energy
states. By substituting k → px = −i∂x in Eq. 2.13 and solving the Schrödinger equation
for the half-line x > 0, one finds a zero energy evanescent wave
Ψ(x) ∝ e−
vF
2B x
e+
√
( vF2B )
2
−M
B
x −
νeiφ +
√(
vF
2B
)2
− M
B
νeiφ −
√(
vF
2B
)2
− M
B
e
−
√
( vF2B )
2
−M
B
x

 1
0
 (2.14)
for M > 0 using boundary conditions respecting the chiral symmetry(
iσx∂x +
vF
2Bσy + iν(cosφσx + sinφσy)
)
Ψ(x)
∣∣∣∣
x=0
= 0. (2.15)
Therefore the topological properties of the lattice model – the invariant and the edge states
– are encoded in the low-energy model.
An alternative approach to study the topological difference between both insulating phases
is to consider a domain-wall made separating the two insulating phases. The “heterostruc-
ture” is simulated by
H = vFσypx +m(x)σx, (2.16)
where px = −i∂x is the momentum operator andm(x) describes the variable mass changing
from m(x < 0) < 0 to m(x > 0) > 0. This problem was first studied by Jackiw and
Rebbi [12], and leads to the solitonic solution
Ψzero ∝ e
−
∫ x
x0
dx′m(x′)/vF
 1
0
 (x0 arb.) (2.17)
with energy Ezero = 0, and thus describing the normalizable zero-mode living at the domain
wall. The existence of this state is independent of the detailed form of m(x) (see Fig. 2.5).
The number of the edge states M in this domain wall description can also be related to
the difference in the topological invariants of the left and the right side:
M = |W (x→ +∞)−W (x→ −∞)| (2.18)
although the definition for each W (Eq. 2.12) of the effective Hamiltonian (Eq. 2.16) does
10
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Figure 2.5: One example of a mass profile for the domain wall (black) and its localized
zero mode (red) are plotted in arbitrary units.
not give integer values but only half-integers. This is a feature of the effective theory,
and will be explained in the next chapter. In any case, the SSH model can be seen as
the simplest lattice model combining both aspects of topological states of matter: the
topological invariant and the edge states.
2.2 Quantum Hall effect and Landau levels
In 1980, Van Klitzing and coworkers measured the Hall conductivity of a two-dimensional
electron gas (2DEG) realized in a silicon metal-oxide-semiconductor field-effect transis-
tor [13]. By applying a magnetic field perpendicular to the electron gas the measurements
show a precise quantization of the Hall conductivity along with a vanishing longitudinal
conductivity. This (integer) quantum Hall effect (QHE) became the starting point for a
new research area after it was realized that it has a topological origin [14, 15].
Let us start with the effective Hamiltonian of an electron coupled to a time-independent
magnetic field B which can be written as
H = 12m(p̂− eA)
2 with ∇×A = B, (2.19)
the momentum operator p̂, the gauge field A minimally coupled to the electronic system
and the coupling constant e < 0 describing the electronic charge. Fixing the magnetic field
direction to be B = Bzez reduces the problem to a harmonic oscillator. It is helpful to
use two types of orthogonal annihilation and creation operators [16] with the commutator
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relations [â, â†] = [b̂, b̂†] = 1 defined by
â = 1√
2m~ωc
(p̂x − eAx − i(p̂y − eAy)), b̂ = iâ† +
√
mωc
2~ (x+ iy), (2.20)
and their hermitian-conjugated partners to map the system independent of the gauge in
the form of a harmonic oscillator HHO with the cyclotron frequency ωc = |e|Bz/m
HHO = ~ωc(â†â+ 1/2) (2.21)
and a residual part in direction of the magnetic field: Hfree = (p̂z − eAz)2/(2m). The
last term commutes with the Hamiltonian Eq. (2.21) and describes simply a free motion
in the z direction, because Az has to be a pure gradient ∂zξ of a scalar function. This
part describes the subband structure of the 2DEG and can be simply removed from the
Hamiltonian using the quantum well approximation: 〈p̂z − eAz〉 = 0 and 〈(p̂z − eAz)2〉 > 0.
Hfree contributes then with an irrelevant energy offset.
The energy levels of the harmonic oscillator part HHO are generally referred to as Lan-
dau levels (LLs). Interestingly, the Hamiltonian describing the LLs comes from a two-
dimensional problem, but we ended up with a simple form of a one-dimensional Hamilto-
nian. This shows that the LLs described by â must be infinitely degenerate. The boson
b̂ distinguishes the degenerate states in the same LL. Finally one can say that the eigen-
problem of HHO is solved by
HHO |k, p〉 = ~ωc
(
k + 12
)
|k, p〉 , b̂†b̂ |k, p〉 = p |k, p〉 and k, p ∈ N. (2.22)
Using the vacuum condition â |0, p〉 = 0, we can get the representation of the lowest LL by
〈r|0, p〉 ∝
(
x− iy√
2l
)p
e−(x
2+y2)/(4l2) for A = Bz2 (x ey − y ex) (2.23)
which is characterized by the length l2 = ~/(|e|Bz). The boson b̂ can be seen in this
representation as an angular momentum so that the solutions are orbital-like. The other
missing eigenstates can be generated by applying n-times the bosonic creation operator â†
on the degenerate ground state. With this, the problem is solved for the bulk. The next
thing is to ask what happens if we add an edge to the system. We want to consider the
full problem in the half space x > 0.
For simplicity, we choose now a particular gauge known as the Landau gauge where A =
12
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Bzx ey so that the Hamiltonian can be written as
HHO =
1
2m(p̂
2
x + p̂2y − 2eBzxp̂y + (eBz)2x2). (2.24)
Note that after introducing the edge we have still translational invariance parallel to the
edge, that is [HHO, p̂y] = 0. We may write all eigenfunctions of HHO as eigenfunctions of
p̂y, namely
Ψ ∝ Y (y)X(x), where Y (y) = eikyy. (2.25)
After this substitution we find that X(x) satisfies the equation
[ 1
2mp
2
x +
1
2mω
2
c (x− x0(ky))2
]
X(x) = EX(x) (2.26)
with x0(ky) = ~ky/(eBz). This equation is exactly the form of a harmonic oscillator shifted
by x0. Following the calculation of Ref. [17], the last equation can be now compared with
the Weber equation
d2X(z)
dz2
+ (µ+ 12 −
1
4(z − z0)
2)X(z) = 0, (2.27)
where z = (2mωc/~)x and µ = E/(~ωc) − 1/2. The generic solution for this differential
equation is the Weber function
Dµ(z) =2µ/2e−(z−z0)
2/4
( √
π
Γ(12 −
µ
2 )
F (−µ2 ,
1
2 ,
1
2(z − z0)
2)−
√
2π(z − z0)
Γ(−µ2 )
F (12 −
1
2µ,
3
2 ,
1
2(z − z0)
2)
)
, (2.28)
where F (a, b, z) is the confluent hypergeometric function [18]
F (a, b, z) =
∞∑
k=0
(a)k
(b)k
zk
k! with (a)k = a(a+ 1) + ...(a+ k − 1) (2.29)
and Γ(z) is the gamma function
Γ(z) =
∫ ∞
0
tz−1e−tdt. (2.30)
In order to have a wavefunction which is quadratically integrable, µ has to be positive
(≥ 0) and integer. This leads to the well-known Hermite polynomials for x ∈ (−∞,+∞).
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Figure 2.6: The graphical solution µ(z0) of the transcendent equation is plotted in
(a) showing the bending of the LLs. The panel (b) shows the same for
NBC. The dashed lines are the LLs without edge and the solid lines are
the results for x > 0.
However, we want to study the problem on the half space x ∈ [0,+∞) where the wave
function should fulfill the fixed boundary condition (FBC) X(x = 0) = 0, equivalent to the
quantization condition Dµ(0) = 0, or natural boundary condition (NBC) X ′(x = 0) = 0,
equivalent to D′µ(0) = 0. Each equation is a secular equation and can be used to calculate
the energy spectrum µ(z0). It is interesting to consider two important limits of these
spectra. The first one is z0 → ∞ where the boundary is far away from the minimum of
the harmonic oscillator. The spectrum is then equivalent to the spectrum of the problem
over the full space. We have µ ∈ {0, 1, 2, 3, ...}. In the limit z0 = 0 we have instead the
half-side harmonic oscillator where only odd (FBC) or even (NBC) functions are allowed.
This restricts the integer quantum numbers to be odd and even as well. The graphical
solutions of the transcendent equation are plotted in Fig. 2.6.
These results are consistent with the qualitative discussion of Ref. [19]. Near the edge –
where z0 ≈ 0 – the LLs bend upwards. The half-plane system acquires the properties of
a one-dimensional metal. In contrast to the full-plane treatment, where we find a huge
degeneracy at the energies µ = 1, 2, 3...., the degeneracies are lifted. Nevertheless the
density of states has still its maximum at the LL energies. We have to remark that in the
momentum ky we find a huge chiral imbalance. One finds the bending only for ky < 0,
but for ky → ∞ the extended LLs are flat. Considering the half-space x < 0 instead the
roles are interchanged. If we introduce two edges to simulate a two-dimensional channel
it is clear that we get bending of the states not only close to z0 ≈ 0, but also at z0 ≈ L
where L is the channel width.
This has a consequence if we switch our consideration to the real many-particle problem.
Let us fill up this system with non-interacting, spinless fermions until the Fermi level EF
14
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lies in the “bulk" gap between the n-th and (n+ 1)-th LL. Nevertheless, for the finite size
system, the spectrum close to the edges is bending upward such that the system is no
longer insulating. At the left and the right edges each of the n LLs crosses EF forming a
mobility edge. The transport is dominated by the metallic edge while the bulk is insulating.
The left edge state has negative ky while the right edge state has positive ky showing that
the edge states are chiral. The presence of this mobiltity edge is the basis of the QHE and
follows from the topologically non-trivial properties which will be discussed now.
2.3 Laughlin’s Gedankenexperiment
In order to explain the quantization of the Hall conductivity, Laughlin considered a
Gedankenexperiment [20] as shown in Fig. 2.7. The electron gas is confined in an an-
nulus, known as Corbino disk. The x-y coordinates are chosen in this way: the x axis is
in the radial direction of the Corbino disk and its coordinate runs from 0 < x ≤ Lx while
the y axis is in the tangential direction and Ly-periodic. The wavefunctions have to fulfill:
Ψ(x, y+Ly) = Ψ(x, y). The periodic boundary conditions (PBC) along y necessitate that
the quantum number ky assumes the discrete values ky → kn = 2πn/Ly where n is integer.
We add now an additional magnetic flux Φ in the center of the Corbino disk (x = 0). This
flux penetrates in the hole of the disk, but not in the annulus. The vector potential A
then is changed by
A→ A + Φ
Ly
ey, (2.31)
which is equivalent to a change in the Hamiltonian Eq. 2.19
py → py +
2π~
Ly
Φ
Φ0
, (2.32)
where Φ0 is the flux quantum. In the LLs this insertion shifts the guiding center x0. The
wavefunction along ky can be therefore simply written as
YΦ(y) = ei2πΦ/Φ0 y/LyY (y). (2.33)
Interestingly the phase difference between the two gauges Y and YΦ is not single valued.
Due to the PBC the phase difference has to fulfill
Φ = nΦ0, where Φ0 =
2π~
e
and n ∈ Z. (2.34)
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V
Φn→Φn+1
Figure 2.7: The Corbino disk represents the geometric specification to measure the
QHE. The voltmeter is connected to the edges. The hole is assumed to be
infinitesimally small where we add one quantum to the magnetic flux to
induce a radial current in the disk.
The flux must be quantized to ensure gauge equivalence. All other values of Φ do not
respect periodicity in the y-direction. By going adiabatically from Φ to Φ+Φ0 we map the
system on its own, but changing its energy due to the shift of x0. A Φ0 insertion is related
to a process |n, ky〉 → |n, ky − 2π/Ly〉, which creates a charge imbalance between the inner
and the outer boundary of the disk in one LL – a hole on one side and an electron on the
other. If n bulk bands are filled then there are n edge electrons involved.
The total energetic difference ∆E given by this imbalance is then neV where the voltage
V describes the electrostatic potential generated by moving one electron from the outer to
the inner edge. One can write the current-voltage relation as
I = dE
dΦ →
∆E
Φ0
= neV
h/e
= σHV with σH = n
e2
h
. (2.35)
Every bulk LL gives a contribution of e2/h to the Hall conductivity σH . This is a quite
general result and independent on the boundaries, impurities or temperature up to some
extent [20]. An alternative approach for calculating the Hall conductance using the Kubo
formula on LLs leads to the same result and is given in Ref. [21]. As we will show, the
number n in the Hall conductivity is a topological invariant and corresponds to the number
of (topologically protected) edge states.
2.4 Quantum Hall effect on the lattice
The topological nature of the QHE becomes manifest also in a TB model where the effect
of a magnetic field is incorporated. The simplest example is the Hofstadter problem [22],
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named after Douglas Richard Hofstadter who studied spinless electrons in a constant mag-
netic field on a square lattice. The corresponding TB Hamiltonian can be written as
H = −t
∑
<i,j>
ĉ†j ĉie
iθij + h.c., (2.36)
where ĉi is the fermion annihilation operator at site i of the two-dimensional square lattice,
and t is the nearest-neighbor hopping amplitude. The phase factors θij = −θji can be
identified with the phase picked up by the electrons going from lattice site i to j
θij =
2π
Φ0
∫ j
i
A · dl. (2.37)
By hopping around one plaquette the net flux is given by
2π
Φ0
BzFplaq ≡ 2πα, (2.38)
where Bz is the magnetic field strength, Fplaq is the area of the plaquette, Φ0 the magnetic
flux quantum, and α a dimensionless parameter.
At this point we are allowed by the gauge degree of freedom to freely distribute the net
flux over the plaquette. Using the Landau gauge for each plaquette [23], we can rewrite
the lattice Hamiltonian in the form
H =− t
∑
m,n
(ĉ†m+1,nĉ†m,n + ei2παmĉ
†
m,n+1ĉm,n) + h.c., (2.39)
where {m,n} are the lattice coordinates in the {x, y} directions.
For an infinitely large system the Fourier transform of the fermion operators is given by
an integral over the first BZ as
ĉm,n =
∫ 2π
0
dkx
∫ 2π
0
dkye
imkx+inky ĉk, (2.40)
and therefore the Hamiltonian is
H =
∫ 2π
0
dkx
∫ 2π
0
dkyH(k) (2.41)
with
H =− t cos kxĉ†kĉk − te−iky ĉ
†
kx+2πα,ky ĉk − te
+iky ĉ†kx−2πα,ky ĉk, (2.42)
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where we set the lattice constant a = 1.
To proceed further, it is helpful to represent α by a quotient of p and q being coprimes. This
excludes irrational flux penetrating the unit cell but simplifies the upcoming considerations.
For such parameters α the spectrum splits into q subbands. We define ĉj(k̃x, ky) = ĉ(kx =
k̃x+2παj, ky) where (k̃x, ky) is the momentum of the magnetic Brillouin zone [−π/q, π/q)×
[−π, π), and j = 1...q. This leads to the transformed Hamiltonian
H =
∫
MBZ
dk̃xdky
q∑
j=1
Hj(k̃x, ky) (2.43)
with Hj(k̃x, ky) := H(k̃x + 2παj, ky). The Hj can be written as
Hj =− 2t cos(k̃x + 2παj)ĉ†j ĉj − te−iky ĉ
†
j+1ĉj − te+iky ĉ
†
j−1ĉj. (2.44)
Since the Hamiltonian does not couple different momentum states, we can study a partic-
ular block of the Hamiltonian with fixed momentum quantum numbers. The eigenvalue
equation of the operator
q∑
j=1
Hj(k̃x, ky) ≡ HHarper(k̃x, ky) (2.45)
is the root of the so-called Harper’s equation (or Almost Mathieu equation). Considering
the Schrödinger problem of the Hamiltonian HHarper in the q-dimensional complex vector
space Cq with the representation {u0, ....uq−1} leads to
−e−ikyuj−1 − 2 cos(k̃x + 2παj)uj − e+ikyuj+1 =
E
t
uj, (2.46)
where u0 = uq and u1 = uq+1.
The energy spectrum of this secular equation leads to the well-known Hofstadter butterfly
shown in Fig. 2.8. It is a fractal structure showing self-similarity. Small fragments in the
structure contain copies of the entire structure.
Although the spectrum has only very little similarity to the LLs its electromagnetic be-
havior is nearly equal. Thouless et al. [14] showed that each band 1 < j < q carries an
integer Hall conductance for the same topological reason of the LLs. In the next section,
we will introduce the corresponding topological TKNN invariant.
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Figure 2.8: The Hofstadter butterfly represents the spectrum E(α) projected out for
all (k̃x, ky). The discretization is given by α = p/100. The white regions
describe the gaps and black the bulk.
2.5 TKNN invariant and the Chern response
We here introduce the topological invariant predicting the quantized Hall conductivity: the
Chern number. We start with the generic Green function for fermions G−1(ω,k) = iω1−
H(k) and a lattice Hamiltonian H(k) where ω is the frequency associated to imaginary
time it. The quantum field theoretical problem is represented by the action
S =
∫
d2kdω L, L = Ψ†(G−1 + jαAα)Ψ and jα = −q
∂G−1
∂kα
, (kα) = {ω, kx, ky}, (2.47)
where we minimally coupled an external electromagnetic field to the wave function Ψ via
the charge q (−e for electrons). The operator jα is the related current operator. Assuming
an electromagnetic response due some external field Aµ one can expand
Seff =− log det(G−1 + jαAα)
=− tr log(G−1)− tr(GjαAα)−
1
2tr(GjαA
αGjβA
β) + ... (2.48)
after integrating out the electronic part. The zeroth order term in the expansion is an
irrelevant offset, the first order one a tadpole which is a one-loop Feynman diagram with
one external leg. This can give a contribution to a one-point correlation function, but for
e.g. a Dirac fermion, this contribution vanishes due to the trace over Dirac matrices [24].
The next one is the second order term, which describes a fermion loop (illustrated in
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Aμ
Aτ
Figure 2.9: The one-loop Feynman diagram induces the Chern-Simons term in its
long-wavelength limit.
Fig. 2.9) and contains the interesting long-wavelength limit.
One can write the physical relevant – topological – part as [25, 24]
Stop =
ν
4π
∫
d2x
∫
dt Aµε
µντ∂νAτ (2.49)
with a constant ν and the units e = ~ = 1. This form is equivalent to the electromagnetic
response considered in the Laughlin argument, but now we have an invariant which is de-
termined by the Green function of the electrons. The so-called TKNN invariant [14] named
after Thouless, Kohmoto, Nightingale and den Nijs who gave the first closed expression of
ν is defined in this formalism by [26, 27]
ν = εαβγ6
∫
occ.
dω
∫
M
d2k
(2π)2 tr(G
−1∂αGG
−1∂βGG
−1∂γG), (2.50)
where the contour of ω is the line integral (−∞,+∞) in the gap between occupied and
non-occupied states, andM is the momentum manifold. This number can be deduced from
the underlying fermionic theory directly which allows us to study now arbitrary systems.
To restore the electromagnetic response of Eq. (2.35) we can use the variational approach
on the action δStop/δAµ = jµ. This leads to
jµ = σHεµντ∂νAτ (2.51)
and the quantized Hall conductivity σH = ν/(2π). In the original TKNN paper the authors
actually used the Kubo formula to compute the Hall conductance leading to the same result.
However, the topological invariant can be also written in the more practical form
ν =
∑
m∈occ.
∑
n∈unocc.
∫
M
d2k
2πi (〈m|∇n〉 × 〈n|∇m〉)z (2.52)
by using the eigenstates of the Hamiltonian {|n〉}. The eigenstates are divided in states
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which are occupied and the one which are not occupied in the sense of the discussed
warping gap condition.
If one has (n) bands and (n − 1) gaps then one can introduce new invariants describing
the difference of the TKNN invariant between two neighboring gaps. The corresponding
invariant is called Chern number of the band l and is defined via
νl = ν(gap over band l)− ν(gap below band l) =
∑
n6=l
∫
M
d2k
2πi (〈l|∇n〉 × 〈n|∇l〉)z. (2.53)
Furthermore, this allows us to write the TKNN invariant as a sum over all Chern numbers
corresponding to the occupied states. To simplify this more we use projectors Pl = |l〉 〈l|
to represent the eigenstates in the expression above. This allows us to write
νl =
1
2π
∫
M
Ω̂l, where Ω̂l = itr(PldPl ∧ dPl) (2.54)
using differential forms. The form Ω̂l is here Ωl dkx ∧ dky where Ωl is a scalar form of the
well-known Berry curvature defined by the z-component of ∇k ×Al with Al = i 〈l|∇k|l〉.
The Chern number is a gauge invariant quantity like the Berry curvature, but the Berry
curvature can change if one adds a phase to every basis atom in the crystal. This allows
us to use other definitions of the Berry curvature to describe the same phase in crystals.
They are discussed in Ref. [28]. By making a general unitary transformation U(kx, ky) we
change the differential form of the Berry curvature to
−iΩ̂′ = −iΩ̂ + tr((dP − PUdU †) ∧ UdU †) (2.55)
using dU †U = −U †dU , PdPP = 0 and tr(A ∧B) = −tr(B ∧ A).
If we now consider the difference of the two integrals over Ω′ and Ω we can find a non-zero
contribution in general to ensure gauge invariance. To show an example that the definition
of the Chern number depends on the basis choice we can take the unitary transformation
diagonalizing the Hamiltonian. This is a transformation making all bands trivial which
means that the projectors in the transformed picture show no k-dependence and therefore
ν ′l = 0.
However one is more interested in the opposite case. The question should be which unitary
transformation leaves the definition written in Eq. (2.54) invariant. For our purposes we
want to show that a unitary transformation, chosen such that every basis vector of the
Hamiltonian only gets a phase, fulfills this. The matrix U has then only diagonal elements
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of the form Uii = exp(iφi(kx, ky)) so that we can find
Ω′ − Ω =
∑
i
d(Pii ∧ dφi) (2.56)
after some elementary transformations where Pii is the (i, i)-th component in the matrix
of P . If we now integrate we get
∫
M
(Ω′ − Ω) =
∑
i
∮
∂M
Piidφi = 0. (2.57)
The integral vanishes because its integrand is analytical. This degree of freedom to choose
our U ensuring the right Chern number is useful in many examples.
2.6 Z2 topological insulators
The previous two-dimensional fermionic systems have a broken time-reversal (TR) sym-
metry. If we preserve TR symmetry in a fermionic model, the topological invariant cannot
be any longer the Chern number simply because it is always zero. Nevertheless, TI states
of matter can also arise in TR invariant systems.
In a two-dimensional TR invariant system this can be simply achieved by a doubling of
the Hilbert space. This is a technique to embed two TR broken Hamiltonians into a single
TR invariant model, and it is the basis underlying the discovery of the Quantum Spin Hall
(QSH) phase [29, 30]. In these systems one component of the spin operator (let us say Sz)
commutes with the Hamiltonian, and thus each spin channel Sz |±〉 = ±1/2 |±〉 can be
treated independently. A generic TR Hamiltonian can be built from two Chern insulators
through
HTR =
 H(kx, ky) 0
0 H∗(−kx,−ky)
 (2.58)
with the fermionic TR operator T = iσ2 ⊗ 1HK where K is complex conjugation and
1H is the identity operator in the Hilbert space of operator H. Due to the U(1) × U(1)
symmetry we can simply use the Chern number of one spin channel ν+ to topologically
characterize the full system. This invariant is called the Spin Chern number. The opposite
spin channel has opposite spin Chern number ν− = −ν+. By lifting this U(1) symmetry,
one can show that the numbers (ν+, ν−) are no longer preserved. The invariant of such a
system is therefore no longer an integer Z = {0,±1,±2, ...}, but a Z2 = {0, 1} number.
This new invariant was found using the relation between the Chern number and the charge
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Figure 2.10: The TRIM points for a generic BZ [−π, π) × [−π, π) (a) and [−π, π) ×
[−π, π)× [−π, π) (b) by setting the lattice spacing a = 1. The thick lines
represent two TR invariant paths used in Eq. (2.74).
transferred in a one-dimensional topological pump, and was discovered by Fu and Kane [31]
introducing the new concept of TR polarizations.
We start by recalling that at the so called TR invariant momenta (TRIM) Λi
Λi =
1
2
d∑
j=1
c
(j)
i bj (where all c
(j)
i ∈ Z) (2.59)
defined modulo a reciprocal lattice vector with the primitive vectors bj in d dimensions,
each fermionic band is doubly degenerate due the Kramers theorem [32]. For the Bloch
wave functions
|Ψn(k)〉 ∝ eik · r |un(k)〉 , (2.60)
with the envelope functions |un(k)〉 having the same periodicity as the crystal, Kramers
theorem implies that |un(Λi)〉 and T |un(Λi)〉 have the same energy and are orthogonal to
each other at the TRIM. The TRIM are shown for d = 2 and d = 3 in Fig. 2.10.
Let us now consider envelope functions close to the TRIM Γ along kx. Following Ref. [31]
we can relabel the bands m ∼= (n, I/II) by the number n counting the Kramer pairs at
the Γ point and a number I/II describing the two-dimensional subspace of the two TR
partners. The identification is given by
|u(n,I)(kx)〉 and |u(n,II)(−kx)〉 = e−iχ(n,−kx)T |u(n,I)(kx)〉 (2.61)
up to a phase factor χ(n, kx). These important phases are also encoded in the sewing
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matrix
(Bnl)αβ = 〈u(n,α)(−kx)|T |u(l,β)(kx)〉 = δnl
 0 −eiχ(n,kx)
eiχ(n,−kx) 0

αβ
, (2.62)
where α, β ∈ {I, II}. This separation of bulk states allows to track the charge polarization
of each individual band as explained below.
From the Bloch wave functions we construct another complete set of orthogonal functions.
This new set was introduced by G. H. Wannier [33] and are called Wannier functions.
They are lattice-periodic generalizations of the non-orthogonal atomic/molecular orbitals
in a crystal defined by
|Ψn(R)〉 =
√
N
Vd
∫
BZ
ddk e−ik ·R |Ψn(k)〉 , (2.63)
where Vd is the BZ volume in d dimensions, R is the lattice vector corresponding to
each primitive cell and N is the number of unit cells. Let us define a hybrid wavefunction
|Ψn(Ri; ky, kz, ..., kd)〉, where only the kx component is Fourier-transformed, and a position
operator
x̂ =
∞∑
i=−∞
∑
n
Ri |Ψn(Ri; ky, kz)〉 〈Ψn(Ri; ky, kz)| , (2.64)
which acts like a canonical position operator. For a general system King-Smith and Van-
derbilt [34] have shown that the total charge polarization in x-direction is the sum of the
centers of charge of all occupied (hybrid) Wannier states at Ri = 0. This can be written
as
PC(ky) =
∑
n occ.
〈Ψn(0; ky)|x̂|Ψn(0; ky)〉 =
∑
n occ.
1
2π
∫ π
−π
dkx(An)x(k) (2.65)
with the x-component of the vector potential An(k) = 〈un(k)|i∇k|un(k)〉. This quantity
is not yet gauge invariant. A gauge-invariant quantity can be defined by:
∆PC = PC(k1y)− PC(k2y) =
∑
n occ.
∫ k1y
k2y
dky
∫ π
−π
dkx Ωn(k), (2.66)
where one assumes that |un(k)〉 is defined continuously between k1y and k2y so that we can
use Stokes theorem to rewrite ∆PC with the Berry curvature Ωn (see Eq. (2.54)). This
quantity describes the pumped charge if one tunes ky from k1y to k2y. This is equivalent
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to the pumping process for the LLs. In the case k1y − k2y = 2π we complete a full charge
pumping cycle and the right side of (2.66) turns into the definition of the Chern number.
Coming back to the TR invariant system, we know that PC has now two contributions: P IC
and P IIC . Both contributions cancel each other in a pumping process (∆PC = P IC+P IIC = 0).
That is why we are not interested in the sum of both contributions but in the difference
PT ≡ P IC − P IIC = 2∆P IC . (2.67)
This is exactly what we want for the definition of the TR polarization. To calculate PT
along one TR path in kx-direction (thick lines in Fig. 2.10) we use the relation
Ax((n, II), kx) = Ax((n, I),−kx)− ∂kxχ(n, kx) (2.68)
such that the TR polarization for the band n can be written as
PT (n) =
1
2π
∫ π
0
dkx [∂kxχ(n, kx)− ∂kxχ(n,−kx)] (2.69)
or equivalently with the sewing matrix formalism [31]
PT (n) =
i
π
[
1
2
∫ π
0
dkx∂kx log det(Bnn(kx))− log
Pf(Bnn(π))
Pf(Bnn(0))
+ 2πil
]
= i
π
log
√
detBnn(π)Pf(Bnn(0))
Pf(Bnn(π))
√
detBnn(0)
+ 2l, (2.70)
where l is an integer defining the branch of the log function. By using detBnn = (Pf(Bnn))2
we see that the function is of the form z/
√
z2, and can therefore, only assume values ±1
(for z 6= 0). With that, one can rewrite the formula above as
√
detBnn(π)Pf(Bnn(0))
Pf(Bnn(π))
√
detBnn(0)
= (−1)PT mod 2. (2.71)
The sign determines whether the Pf(Bnn) for the two TRIM points are on the same or
opposite branch of
√
detBnn. At this point we note that PT mod 2 is not yet the desired
Z2 invariant. It is not gauge invariant for the same reason as for the normal charge
polarization. To generalize the idea of the total polarization, one can write the polarization
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including all occupied bands as
PT mod 2 =
∑
n
PT (n) mod 2 =
i
π
log
√
detB(π)Pf(B(0))
Pf(B(π))
√
detB(0)
, (2.72)
where we have introduced the 2N block matrix B = ⊗iBnn = B1,1 ⊗ B2,2...⊗ BN,N , with
N being the number of occupied Kramers pairs. Due to the special form of PT , using this
block structure we directly see that any unitary transformation in the space U(2N) leaves
PT invariant. This allows us to choose a more convenient definition of the sewing matrix,
(B)αβ = 〈uα(−k)|T |uβ(k)〉 , (2.73)
where α, β run now over all occupied bands. By using now the definition (2.66) with PT ,
we get a gauge-invariant measure
[PT (γ(Γ, X))− PT (γ(Y,M))] mod 2 (2.74)
for the charge pumping of the Wannier centers over half the cycle orthogonal to kx. After
half a cycle, the system returns to a TR invariant d = 1-system where the Wannier states
can recombine with other TR solutions or the same TR partners, which results in the
possible appearance of unpaired Wannier states in an open system at each boundary. The
even- or oddness of these switches defines the Z2 index, which can also be written as
Id=2(Z2) =
4∏
i=1
√
det(B(Λi))
Pf(B(Λi))
(2.75)
with the sewing matrix evaluated at the TRIM points. Before we generalize this invariant
for the d = 3 case, let us give two other equivalent formulations of this invariant.
A) Pfaffian formulation
The first formulation allows us to use a line integral to calculate the invariant. In Ref. [30] it
has been shown that Eq. (2.75) is equivalent to the topological index counting the number
of zeros of the Pfaffian P (k) = Pf(〈u(k)|T |u(k)〉) and their vorticities defined by
Id=2(Z2) =
1
2πi
∮
C
dk · ∇k log [P (p) + iδ] mod 2, (2.76)
where C is the contour over the half BZ such that the states with quantum number −k
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(a) (b)
(c) (d)
trivial non-trivial0
0 0 ππ
π
ky ky
Figure 2.11: Schematic tracking of the Wannier centers with different windings for the
trivial ((a) and (c)) and the non-trivial phase ((b) and (d)). The crossings
can become anti-crossings after adding TR preserving perturbations.
and +k are separated.
B) Wannier-center formulation
The second formulation gives a more intuitive view on this new invariant Eq. (2.75). For
that, we look at the evolution of the Wannier function centers by defining an alternative
position operator [35]
x̂(N) =
N∑
i=1
∑
n
e−i
2π
N
Ri |Ψn(Ri; ky, kz, ..., kd)〉 〈Ψn(Ri; ky, kz, ..., kd)| (2.77)
for a lattice with PBC, lattice constant a = 1 and N unit cells. This operator is unitary
and its phase U(1) ' S1 represents the position of the Wannier centers. By tuning ky (or
any other component) from 0 to π we can track the expectation value of this quantity on
a circle S1. The position of each Wannier center can therefore effectively be described by
a point on a cylinder [0, π] × S1. At ky = 0 and ky = π, the positions of Wannier states
appear in pairs due to TR symmetry. By moving away from them, the pairs in general split
and recombine. Each Wannier center pair thereby encloses the whole cylinder an integer
number of times. This allows us to define a winding number as illustrated in Fig. 2.11. The
winding number appears to be an integer. However, as one can see from Fig. 2.11 (c), (d),
in which the original paths wind two or three times around the cylinder, the topological
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invariant cannot be an integer. Possible crossing points of the closed path are accidental.
Only at the TRIM points we have Kramers theorem to protect degeneracies. TR symmet-
ric perturbations can therefore turn the crossings into anti-crossings. Hence, the perturbed
path has a winding number of 0 or 1, respectively. This is discussed extensively in Ref. [35]
using the non-abelian Berry connection. Thus, the topological invariant for each band is
Z2. This idea can be directly applied to multi-band systems where we have to consider
all occupied bands, not only one. The Z2 invariant for a two-dimensional system is then
equal to the summed winding numbers of all the pairs modulo 2.
All these definitions can be extended also to 3 dimensions [36, 37] which is nothing more
than to reconsider a d = 3 system in terms of two d = 2 systems – two planes in the BZ
at kz = 0 and π connected along kz. Either both systems have the same Id=2(Z2) (trivial
or weak TI), then they can be considered as a system made of stacked two-dimensional
systems, or the indices are different (strong TI) such that we have to introduce a new
invariant. The strong index is defined as the product of the two d = 2 invariants
(−1)ν0 ≡ Id=3(Z2) = Id=2(kz = 0)Id=2(kz = π) =
8∏
i=1
δi, where δi =
√
det(B(Λi))
Pf(B(Λi))
(2.78)
evaluated at the 8 TRIM points of the BZ. Besides the strong index ν0 one has also 3
weak indices (ν1, ν2, ν3) which are the two-dimensional indices of the three TR-invariant
corner-sharing planes excluding the Γ point. This leads to 24 = 16 topologically distinct
phases.
The most important difference is that a strong TI has a topologically protected surface
state independent of the termination. The weak indices of a weak TI can be interpreted
as Miller indices characterizing the layers of the stacking by G = ν1b1 + ν2b2 + ν3b3
modulo twice a reciprocal lattice vector, where bi are the primitive lattice vectors. Along
the stacking direction we find no topologically protected surface states.
2.7 The axion response and the Dirac cone
As we already have shown for the Chern number, the occurrence of topological non-
triviality leads to a Chern-Simons term in the electromagnetic response describing the
QHE physics. One can ask what is the physical response of a strong TR invariant TI.
For our purposes the most relevant one is the d = 3 response, which is again connected
to basic electromagnetic properties of solids, like the dielectric constant or the magnetic
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permeability. Doing an equivalent consideration like for TR broken systems, one gets a
term in the expansion which is the so-called magnetoelectric polarization encoded in the
effective theory [38, 26]
S3D =
1
4π
∫
d3rdt εµν%τP3(r, t)∂µAν∂%Aτ =
1
2π
∫
d3rdt P3(r, t)E(r, t) ·B(r, t), (2.79)
where P3 describes the non-linear coupling between the electric E and the magnetic field
B. This action is known from the axion electrodynamics. However, assuming that we
consider the theory in a closed space-time manifold with PBC we get [26, 39]
1
2π
∫
d3rdt E(r, t) ·B(r, t) = 2πm (m ∈ Z), (2.80)
which leads to the equivalence relation [24]: eiS3d(P3) = eiS3d(P3+m) (m ∈ Z) saying that the
homogenous axion P3 is defined up to an integer. The parameter P3 can describe trivial
and non-trivial insulators with an arbitrary value in the regime [0, 1). The important point
is that the TR symmetry fixes the value of P3. The term E ·B is odd under TR symmetry.
This means that we have to ensure e−iS3d(P3) = eiS3d(−P3) = eiS3d(P3). The Z2 invariant is
hidden in the parameter P3 which can take only the values 0 (trivial) or 1/2 (non-trivial)
in a homogeneous material. This result also holds if one consider an open system, although
the integer m has now a physical meaning. It describes the even number of Dirac cones,
which are not topologically protected by the bulk system. They can be in principle gapped
out by surface TR breaking terms added to the open system.
Using the variational principle we get direct access to its physical response
jµ = 12πε
µν%τ∂νP3∂%Aτ , (2.81)
where the gradient of P3 shows that one need a heterostructure. Assuming a TI in contact
with a trivial insulator along the z-direction where all the other non-topologically protected
contributions are 0 one can write
P3 =
1
2θ(z) and ∂zP3 =
1
2δ(z) (2.82)
such that the spatial gradient of the magnetoelectric polarization induces a half-integer
Hall effect
jy =
1
2
1
2πEx, (2.83)
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trivial non-trivial
Figure 2.12: Idealized interface between a topologically non-trivial and trivial mate-
rial. The simplest low-energy theory respecting TR symmetry and giving
a half-integer QHE is the Dirac cone.
in the presence of an electric field Ex. This is consistent with a two-dimensional Dirac cone
sitting on the surface which have the same response under an external electromagnetic
perturbation. At the interface among the two topologically different states of matter the
bulk band gap has to vanish without an electric field. This is the generic picture of the
3d TR invariant systems and the bulk-edge correspondence for such systems. The success
of ARPES with its surface sensibility enables us to directly study those states providing
a window into the bulk physics and into topology. However, the Dirac cone is only an
idealized representative (see Fig. 2.12) and the real edge spectrum may look much more
complicated.
The last question is how we can calculate P3. Assuming a non-interacting system the
magnetoelectric polarization P3 can be expressed using the fermionic system by
P3 =
1
16π2
∫
d3kεijkTr[(fij(k)−
2
3iai(k)aj(k))ak(k)] (2.84)
or in an another gauge a′i = u−1aiu− iu−1∂iu where
P ′3 = P3 +
1
2π2
∫
d3kε0ijktr
[
(u−1∂iu)(u−1∂ju)(u−1∂ku)
]
, (2.85)
with fij(k) = ∂kiaj(k)−∂kjai(k)+i[ai(k), aj(k)] and the non-abelian Berry vector potential
(ai(k))αβ = 〈uα(k)|i∂ki |uβ(k)〉 for the occupied bands. The corresponding Green function
approach is discussed in Ref. [27].
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boundaries
The topological invariants we encountered in the previous chapter are well-defined since
the basis manifoldM and the target manifold are compact. These are manifolds without
a boundary such as a circle, the n-sphere or the n-torus. In condensed matter physics the
crystal structure of a solid implies that the basis manifold is a torus Td in d dimensions,
which corresponds to the Brillouin zone (BZ). The target manifold instead is the Bloch
Hamiltonian, which is compact as well. Apparently, low-energy continuum theories are
different. They describe a dispersion over Rd instead of the BZ. At a first sight there is no
connection to any compact manifold since by expanding at low-energy points of a lattice
model we loose the compactness of the basis manifold, as illustrated in Fig. 3.1
Figure 3.1: The BZ is a torus in d dimensions. The low-energy expansion is described
by a continuum theory living on Rd, which describes only a part of the
torus.
3.1 Topological Marginality
Let us analyze a massive Dirac equation in three dimensions
HDirac = Aα · p̂ +Mβ, (3.1)
where the matrices αi and β are defined in appendix A. This system is insulating forM 6= 0
and belongs to the AZ symmetry class DIII. Using Tab. 2.1, the topological invariant is a Z
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number. The definition of this topological invariant can be found in Ref. [40]. Surprisingly,
a direct calculation, which is evaluated in paragraph 4.6 explicitly, shows that this number
is only half-integer (N = 1/2). A similar situation was found in the SSH model discussed
in the previous chapter. The Z topological invariant in the lattice model was integer, but
a linearized low-energy model gave a half-integer value. One could say that these states
are neither topologically trivial nor non-trivial. The appearance of half-integer numbers
is referred to as topological marginality [40], and comes about the non-compactness of the
underlying effective theory.
From a continuum theory perspective, a non-interacting, insulating system can therefore
exist in three phases: the topologically trivial insulating, the topologically non-trivial
insulating or the topologically marginal insulating phase. As we have demonstrated for
the SSH model, higher order terms in the continuum model can change the topology of
effective theories from marginal to non-trivial without closing the gap. The argument for
a generic model can be found in Ref. [41] which highlights how effective theories can show
a crucial dependence on the high-energy part of the spectrum.
In chapters 4 and 5 we will show how marginality affects the significance of long-wavelength
models. Before doing this, we will present in this chapter the basics of continuum k ·p
models and the techniques relevant to analyze the occurrence of edge and surface states.
3.2 The extended k ·p method
First of all, we introduce the k ·p theory. The Hamiltonian for non-interacting electrons
in a crystal can be written in first quantization as
Hel =
∑
i
p2i
2m + V (ri) +
1
2m2c2 (si ×∇V (ri)) ·pi, (3.2)
where {xi,pi, si} describe the position, the momentum and the spin of the electron i with
an effective mass m in an effective potential V describing the lattice of ions. The last part
of the Hamiltonian accounts for the spin-orbit coupling (SOC). Bloch theorem guarantees
that the electronic wavefunction can be characterized by a band index n (including the
spin) and the crystal momentum k, and can be written as
Ψn,k = un,k(r)
1√
V
eik · r with un,k(r + al) = un,k(r), (3.3)
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where we introduced the volume V of the crystal to normalize the eigenstate. The secular
equation for the envelope functions un,k reads then[
(p + k)2
2m + V +
1
2m2c2 (s×∇V )(p + k)
]
un,k = En,kun,k. (3.4)
The k ·p method is based on the fact that the essential physical properties depend on a
small energy window near the Fermi level describing the low-energy excitations. Let us
assume that k0 is the crystal momentum where the low-energy excitations reside. Then
the secular equation can be written as[
Hk=k0 +
(k− k0)2
2m +
k− k0
m
· (π + k0)
]
un,k = En,kun,k (3.5)
with π = p + (s×∇V )/(2mc2). Assuming all eigenvalues En,k0 at k0 are non degenerate,
we can treat this Hamiltonian using non-degenerate perturbation theory. The result of
this method up to the second-order is given by
E
(0)
n,k = En,k0 ,
E
(1)
n,k = E
(0)
n,k +
k− k0
m
· (〈n,k0|π|n,k0〉+ k0) and (3.6)
E
(2)
n,k = E
(1)
n,k +
(m̂−1)αβ
2 (k− k0)α(k− k0)β
with the effective mass tensor
(m̂−1)αβ = m−1δαβ +
2
m2
∑
l 6=n
〈n,k0|πα|l,k0〉 〈l,k0|πβ|n,k0〉
En,k0 − El,k0
. (3.7)
This technique can be extended to (quasi-)degenerate bands using quasi-degenerate per-
turbation theory, thanks to which the Kohn-Luttinger model [42] or the Kane model [43]
can be derived. The method is nearly equivalent except that the perturbative part of
the Hamiltonian has two weakly interacting subsets (A and B) where the elements of the
relevant subset A are (quasi-)degenerate at k0. The perturbative Hamiltonian of subset A
up to the second order in momentum is then given by
(
h
(2)
k
)
aa′
=
(
h
(2)
k0
)
aa′
+ 12
∑
b∈B
〈a|h(1)k0 |b〉 〈b|h
(1)
k0 |a
′〉
(
1
Ea,k0 − Eb,k0
+ 1
Ea′,k0 − Eb,k0
)
, (3.8)
where the h(i)k0 describe the series around k0 up to the i-th order of the full Hamiltonian.
This is a formal way to define an effective k ·p Hamiltonian that gives exactly the low-lying
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energy states. We want to remark that this matrix structure of the Hamiltonian can be
also derived using the so-called theory of invariants as shown in Ref. [44]. Independent of
the technique we choose, the effective theory is of the form
H(δk) = H(k0) +H ′α(k0)δkα +H ′′αβ(k0)δkαδkβ + ... (3.9)
with k-independent matrices/parameters capturing the physics of the low-energy excita-
tions. The material-dependent parameters in this expansion can be derived by density
functional theory (DFT), linear combination of atomic orbitals (LCAO), or after an ex-
pansion of a designed TB Hamiltonian.
Since the bulk-edge correspondence is the physical consequence of topologically non-trivial
states of matter, we now show how to calculate surface and edge states in the k ·p frame-
work. Introducing an edge implies a breaking of the lattice translational symmetry. The
momentum k is not a good quantum number anymore. However, a low-energy description
of surfaces, or heterostructures can still be incorporated by applying two changes to the
k ·p Hamiltonian. The first one is the substitution
δk→ p = −i∇ because − i∇eiδk · r = δkeiδk · r. (3.10)
The second change covers the fact that all parameters appearing in the low-energy expan-
sion can depend on the position r. For the latter, we need to build up a quantum mechan-
ically well-defined model. The canonical conjugate operators {r,p} do no commute with
each other. Therefore, one has to choose a symmetrized Hamiltonian guaranteeing the
hermiticity (self-adjointness) of the model. This can be done for each individual element
of the Hamiltonian as
f(r)ki →
1
2(pif(r) + f(r)pi) or f(r)kikj →
1
2(pif(r)pj + pjf(r)pi). (3.11)
This symmetrization procedure is not the only way to write down a quantum-mechanically
well-posed system. There are indeed infinite many other ways. This arbitrariness of the
symmetrization has led Burt to derive another ordering, which is known as the Burt-
Foreman ordering [45]. As we find, independent of the symmetrization procedure we get
in the end a partial matrix differential equation of order n after the expansion up to the
n-th order. This method been successfully applied to the calculation of energy bands in
GaAs/Ga1−xA1xAs-type [46] and Hg1−yMnyTe-type [47] quantum wells.
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3.3 Ellipticity and spurious solutions
A discussed problem in these matrix differential equations is the presence of so-called
spurious solutions. Solving these equations leads to unphysical states, which are sensitive
to the chosen discretization scheme and the mesh width. Their energies often lie inside a
band gap and are localized close to the boundary. The reason for the presence of spurious
solutions is often the absence of ellipticity [48] in the differential equation. Ellipticity is
a property known from the theory of partial differential equations. Let us for example
assume a heterostructure in d dimensions with a matrix differential equation of order n.
We can characterize the high energy term of the k ·p Hamiltonian for a system with a
finite band gap by
H ∼= ...+

∑
m1+m2+...md=n
H
{m}
CB p
m1
x p
m2
y ...p
md
d 0
0 ∑
m1+m2+...md=n
H
{m}
V B p
m1
x p
m2
y ...p
md
d
 , (3.12)
where n is the order of matrix differential equation and HCB/HV B are the position-
dependent effective matrices of the conduction (CB) and the valence bands (VB). The
requiring property for an elliptic differential equation is that the matrices where we sub-
stitute the n p-operators by numbers of the vector g ∈ Rn
H̃CB/V B =
1
|g|n
∑
m1+m2+...md=n
H
{m}
CB/V Bg
m1
x g
m2
y ...g
md
d (3.13)
are positive (negative) and negative (positive) respectively for all positions and directions
in the n-dimensional space of g. Positivity means that all eigenvalues of a matrix are
positive.
Since spurious solutions are often associated with the violation of ellipticity [48], we want
to ensure an elliptic k ·p model in order to analyze the occurrence of surface and interface
states due to topologically non-trivial properties. Moreover, we want to have at hand a
model where the ambiguity in the symmetrization procedure discussed in the previous
section is absent. For an heterostructure, this can be achieved by considering a sharp
transition between two materials with properties A and B (cf. Fig. 3.2). In this case one
has to find good matching conditions [49] of the wave function. For an interface with the
vacuum instead we can consider the k ·p problem in a half-infinite space. This allows us
to describe the full problem by a single k ·p Hamiltonian with properties A. The effective
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(a) (b)
A
B (c)
A
B
A
Operator ordering Matching conditions Boundary conditions
Figure 3.2: The approximation scheme to avoid the operator ordering problem (a)
brings us to a new problem illustrated in panel (b) and (c) known as the
matching condition and the boundary condition problem.
Schrödinger or Dirac problem in d = 1 can be written as a general Hamiltonian of the form
Ĥ = Âp̂2 + 2B̂p̂+ Ĉ with p̂ = −i∂x (3.14)
built up by arbitrary Hermitian matrices Â, B̂ and Ĉ – which are constant. The boundary
is fixed to be at x = 0 while the half space in which we are interested is defined by
x > 0. If we have a finite matrix Â we are in the Schrödinger case and we have to
check the property of ellipticity by analyzing the eigenvalues of Â. The eigenvalues of the
conduction and valence bands have to be positive and negative respectively. In the Dirac
case (Â = 0, B̂ 6= 0) we have to do the same for matrix B̂.
3.4 Self-adjoint extensions
Let us now assume we have an elliptic Hamiltonian for which we want to solve the eigen-
value problem in the half-infinite space. In the real space (−∞,∞) we have unique oper-
ators x̂ and p̂ with the commutator relation [x̂, p̂] = i. However, in the half-infinite space
[0,∞) we need new quantum-mechanical operators. The position operator is bounded from
below: 〈x̂〉 ≥ 0. Therefore the momentum operator cannot be defined as in the free case.
The momentum is no longer a measurable quantity in that situation [50]. Other operators
Â(x̂, p̂) which are combinations of the free operators x̂ and p̂ can be well-defined instead
using the so-called self-adjoint extensions. To make this a little bit more systematic let
us define the mathematics. All physically relevant operators must be symmetric, which
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means that
〈Ψ|ÂΦ〉 = 〈ÂΨ|Φ〉 for all |Ψ〉 , |Φ〉 ∈ D(Â) ⊂ H, (3.15)
where H is the complex, separable Hilbert space and D(Â) the dense domain of the un-
bounded, linear operator Â. This is in general not enough to ensure self-adjointness. If we
want a self-adjoint operator we need that the operator is symmetric and that the domain
of the adjoint operator D(Â†) is equal to D(Â). The set D(Â†) is defined as the set of all
|Ψ〉 ∈ H for which a ξ ∈ H exists so that
〈Ψ|ÂΦ〉 = 〈ξ|Φ〉 for all |Φ〉 ∈ D(Â) with |Â†Ψ〉 := |ξ〉 . (3.16)
With this we can define for every symmetric operator the so called deficiency spaces
N± = {(A† ∓ iµ) |Ψ〉 = 0 with |Ψ〉 ∈ H}, (3.17)
where µ > 0 to preserve the units and the deficiency indices n± = dim N±. The criterion
for self-adjointness is given by von Neumann’s theorem: Let Â be a symmetric operator
with deficiency indices n+ and n− then
1. Â is self-adjoint if and only if n+ = n− = 0.
2. Â admits self-adjoint extensions if and only if n+ = n− 6= 0.
3. Â has no self-adjoint extensions if and only if n+ 6= n−.
The extension is given by the domain
D(ÂU) = {Φ := Ψ + (1 + U)ξ where Ψ ∈ D(Â), ξ ∈ N+}, (3.18)
where U describes the unitary mapping between N+ → N− and the operator acts like
ÂUΦ = Â†(Ψ + (1 + U)ξ). A full theory has been built up to solve these problems and is
given in many text-books about unbounded differential operators, e.g. Ref. [51]. The role
of these self-adjoint extensions in the field of TIs is discussed in Ref. [52] and Ref. [53].
The interesting fact is that one can reinterpret the manifold U determining the self-adjoint
extensions with boundary conditions (BCs) [54].
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3.5 Boundary conditions
The relation between self-adjoint extensions and BCs becomes transparent by using a
Lagrange formulation. This has been pointed out in Ref. [55]. Let us study a generalized
Schrödinger Hamiltonian in a Lagrangian form
LΩ =(∂xΨ∗i )Aij(∂xΨj)− iBijΨ∗i
↔
∂x Ψj + (Cij − Eδij)Ψ∗iΨj, (3.19)
where E is the energy of the corresponding secular equation and the Janus operator
↔
∂x≡
→
∂x
−
←
∂x with the arrows pointing in the direction where the derivative acts. The Lagrangian
LΩ is the bulk Lagrangian. Terms which are missing are given by the surface Lagrangian
∆LΩ =∂x
(
−iÃijΨ∗i
↔
∂x Ψj + B̃ij∂x(Ψ∗iΨj) + C̃ijΨ∗iΨj
)
(3.20)
written as a total derivative with arbitrary Hermitian matrices Ã, B̃ and C̃ completely
unrelated to the Hamiltonian matrices. It is well-known that such terms can be ignored
over R and leads to equivalence class (L ∼= L+∆L). In an infinite system the wave-function
has to vanish at the boundary (Ψj(|x| → ∞) → 0) so that ∆LΩ is not effective. For us
instead it plays an important role. It does not vanish by the integration from 0 and ∞.
After setting the problem with the action
S[Ψ∗,Ψ] =
∫
Ω
dV (LΩ + ∆LΩ), (3.21)
we can apply the variational approach δS[Ψ∗,Ψ] = 0 to find the matrix differential equa-
tion. The variational approach gives us an elegant way to get the corresponding equations
for Ψ and its Hermitian conjugate Ψ∗. By construction we know that both equations de-
scribe the same state, and we only need to consider a variation with respect to Ψ∗ as can
be seen from the total differential
δS[Ψ∗,Ψ] =
∫ δS[Ψ∗,Ψ]
δΨ∗i
δΨ∗i +
∫ δS[Ψ∗,Ψ]
δΨi
δΨi, (3.22)
where the second part is the Hermitian conjugate part of the first. One can write
δS[Ψ∗]−
∫
Ω
dx δΨ∗i (Hij − Eδij)Ψj
= +
[
(Aij + B̃ij − iÃij)(∂xΨj) + (C̃ij + iBij)Ψj
]
δΨ∗i
∣∣∣
∂Ω
(3.23)
+
[
(B̃ij + iÃij)Ψj
]
∂xδΨ∗i
∣∣∣
∂Ω
.
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Now we can vary ∂xδΨ∗ and δΨ∗ arbitrarily, and thus we reobtain the bulk Schrödinger
equation with two new equations reading
0 = (Aij + B̃ij − iÃij) (∂xΨj)|x=0 + (C̃ij + iBij)Ψj(0), and 0 = (B̃ij + iÃij)Ψj(0) (3.24)
which describe the BCs. Next, one has to prove that all these operators with the new
BCs build up a Hermitian model on the semi-axis. The condition that the operator is
symmetric
∫ ∞
0
dxΦ∗i (Hij(∂x)−Hij(
←
∂x))Ψj =− Φ∗iAij
↔
∂x Ψj − 2iΦ∗iBijΨj
∣∣∣∣
∂Ω
= 0 (3.25)
is fulfilled for all BCs. The second condition is valid by construction. Nevertheless, we are
left with two BC equations, which have to be concomitantly solved.
One solution is given by setting B̃ = −A and Ã = 0. We find the so-called fixed BC (FBC)
if the matrix A is elliptic and so all its eigenvalues are non-zero. A more commonly used
solution can be found if we set B̃ = 0 and Ã = 0. The first equation is then sufficient
enough and the BCs can be written as
(Ĵ + iη̂) |Ψ〉
∣∣∣
x=0
= 0 with Ĵ := 12
∂H
∂p̂
= Âp̂+ B̂ (3.26)
the probability current operator and an arbitrary Hermitian operator η̂. The FBC is
recovered in the η̂ → ∞ limit. The η̂ = 0 case corresponds instead to natural boundary
conditions (NBC). The Hermitian operator η̂ can be reinterpreted by noticing that the
Lagrangian
∫ ∞
0
dx ∆LΩ =−
∫ ∞
0
dx ∂x 〈Ψ|η|Ψ〉 = −
∫ ∞
0
dx 〈Ψ|ηδ(x− ε)|Ψ〉 , (3.27)
where ε→ 0. Therefore the BCs can be written as a physical boundary potential V (x) =
ηδ(x− ε), as discussed in Ref. [56].
To analyze the role of these boundary potentials let us study the example of a free non-
relativistic particle on a semi-axis. Starting with the standard action on an interval [0,∞)
S(E,Ψ,Ψ∗) =
∫ ∞
0
dx L, where L = L(E,Ψ(x),Ψ∗(x)) (3.28)
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with the Lagrangian
L = 12m∂xΨ
∗∂xΨ− EΨ∗Ψ− ηδ(x− ε)Ψ∗Ψ (3.29)
for a particle of mass m and energy E, we use the variational principle to get the ordinary
Schrödinger equation
HΨ = − 12m∂
2
xΨ = EΨ and
( 1
2m(−i∂x)− iη
)
Ψ
∣∣∣∣
x=0
= 0. (3.30)
After the rescaling 2mη → η, the generalized BCs are
∂xΨ cos ν + Ψ sin ν = 0 with ν ∈ [−π/2, π/2) and η = tan ν. (3.31)
The FBC correspond to ν = ±π/2 whereas the NBC to ν = 0, but all values of ν ensure a
self-adjoint Hamilton operator on the half space. The eigenvalue equation for this operator
is solved in Ref. [50] and given by
spec Hν =
 R+ for ν ∈ [−π/2, 0]R+ ∪ {ε = − 12m tan2 ν} for ν ∈ (0, π/2) (3.32)
with the complete ortho-normalized system built up by the uE(x) functions
uE>0(x) ∝ cos(
√
2mEx) cos ν − sin(
√
2mEx)√
2mE
sin ν (3.33)
and the bound state solution
uε<0(x) =
1√
2 tan ν
exp(− tan νx). (3.34)
This additional state only vanishes in the regime −π/2 ≤ ν ≤ 0. The spectrum is shown
in Fig. 3.3 (a). The two critical points where the bound state disappears are ν = ±π/2
and ν = 0. They correspond to the FBC (η → ∞) and the NBC (η = 0) respectively.
We identify the state of the point spectrum as an end state introduced by the presence
of the edge. Another way to understand the occurrence of this state is to notice that the
surface potentials act like a trapping potential and can hence create localized states. In
any one-dimensional attractive potential (η > 0) there will be a bound state while in a
barrier potential (0 > η) there are no end states allowed.
This analysis shows that boundary potentials can generate edge states indepedent of the
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Figure 3.3: The spectrum of a quantum-mechanically free particle living on [0,∞)
with all possible BCs for a self-adjoint Hamiltonian (a) suggests already a
renormalization flow (b) towards FBC or NBC depending on the scaling
parameter b.
topological properties of the bulk. Since we aim to analyze only the occurrence of edge
states which are topological in origin, we will stipulate a free surface assumption (η = 0
or η →∞) and thus consider only NBC and FBC. This assumption and the requirement
of ellipticity are thus of primary importance for the analysis of continuum models for TIs.
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4 Compact continuum models of TIs
In this and in the following chapter we will study the class of TIs which have been first
theoretically predicted: the Chern insulators “invented” by Haldane [57] who has won the
Nobel prize in 2016.
Let us start with the simple case of a two-band insulator with broken time-reversal (TR)
symmetry. The two bands derive from either a sublattice or an orbital degree of freedom.
We can write the corresponding Hamiltonian H using the Pauli matrices σi (defined in
appendix A) as [58]
H = d0(kx, ky)σ0 + d(kx, ky) ·σ. (4.1)
The eigenstates |±〉 with eigenenergies E = d0(kx, ky)±
√
d(kx, ky) ·d(kx, ky) can be found
using the projectors
P±(k = (kx, ky)) =
1
2
(
1± d̂(k) ·σ
)
, (4.2)
where d̂ is the normalized unit vector of d. The related Chern number Eq. 2.54 – the
topological invariant – turns out to be for each band
ν± = ∓
1
4π
∫
M
dkxdky d̂ · (∂kxd̂× ∂ky d̂) (4.3)
if d(kx, ky) is non-zero for all k. The manifoldM is the Brillouin zone (BZ) and the vector
d̂ lives on a sphere. The vector d̂ therefore implies a mapping from the 2-torus T2 of the
BZ to the 2-sphere S2, whereas ν counts the number of times the image of the mapping
wraps the sphere. It is then obvious that this number is integer and cannot change under
smooth deformations due to the fact that the integral over the BZ is simply the Jacobian
of the mapping d̂(kx, ky).
In low-energy continuum theories the manifold T2 is substituted by the real plane R2.
Mappings between a two-dimensional real plane and a 2-sphere are topologically trivial.
There is, however, one loophole: the basis manifold can be compactified over a sphere. The
topological invariant counting how many times a sphere is wrapped can be then redefined.
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4.1 Chern insulator in the honeycomb lattice
Haldane [57] showed how to create a non-zero Hall conductivity (ν± 6= 0) without using
Landau levels in the honeycomb lattice. This was the first example of a two-dimensional
TI displaying the so-called quantum anomalous Hall (QAH) effect. The model assumes
spinless electrons with a next-nearest-neighbor (NNN) hopping of complex hopping ampli-
tude. The unimodular phase factors in the NNN hopping are chosen such that the total
magnetic flux is 0 in contrast to the QHE.
It was later understood that this model also describes one spin channel of a model for spin-
one-half fermions with intrinsic spin-orbit coupling in graphene [29]. Graphene has indeed
a honeycomb lattice structure (Fig. 4.1 (a)) with two carbon (C) atoms per unit-cell. A
realistic description of graphene implies to treat all orbital and spin-degree of freedom
using ab-inito calculations. Nevertheless, the low-energy properties can be approximated
with a TB Hamiltonian which considers only orbitals orthogonal to the graphene layer (pz
orbitals). The effects of all the other bands are included in an effective hopping parameter
between the pz orbitals [59] (π bonds).
Back to spinless electrons on the honeycomb lattice, we start by writing the two primitive
lattice vectors
a1 = {3,+
√
3}/2 and a2 = {3,−
√
3}/2, (4.4)
where we set the bond length equal to 1. The reciprocal lattice can be described by the
reciprocal lattice vectors
b1 = 2π{1,+
√
3}/3 and b2 = 2π{1,−
√
3}/3 (4.5)
satisfying ai ·bj = 2πδij and defining the BZ shown in Fig. 4.1 (b). A TB Hamiltonian
with nearest-neighbor hopping results in a d vector given by
d0 = d3 = 0 and d1 − id2 = −t(eik · δ1 + eik · δ2 + eik · δ3), (4.6)
where δi are the three vectors describing the nearest neighbors. Alternatively a gauge
transformation leads to a modified d̃ vector
d̃0 = d̃3 = 0 and d̃1 − id̃2 = e−ik · δi(d1 − id2) (4.7)
satisfying d̃i(k) = d̃i(k + bj). Therefore the Hamiltonian has the Bloch form after this
transformation.
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Figure 4.1: The honeycomb lattice (a) and its corresponding BZ (b). The panel (c)
shows the result of a TB Hamiltonian considering only s and p orbitals
given by Ref. [59]. The px and py orbitals are in-plane while pz is out-of-
plane. The orange part is irrelevant for the low-energy physics.
This model, which only takes into account the nearest-neighbor hopping, has Dirac nodes
at the Fermi level protected by inversion and TR symmetry. The position of these nodal
points is fixed by the lattice symmetry C6 [60], and corresponds to two valleys
K = 2π3
{
1,+ 1√
3
}
and K′ = 2π3
{
1,− 1√
3
}
∼= −K. (4.8)
Close to these points the bands have a conical dispersion, the so-called Dirac cones, charac-
teristic of a linear band crossing point (LBCP). The presence of these crossings is illustrated
in Fig. 4.1 (c) using a realistic TB model with additional orbitals.
The effective continuum theory close to the Dirac nodes is the massless Dirac equation.
Haldane imagined now a flux pattern with complex NNN hopping to open up a gap.
We reiterate that for spin-one-half fermions this effect is generated in each spin channel
by the effective spin-orbit coupling coming from the overlap of the pz orbitals with the
d-orbitals [59] which can be treated using quasi-degenerate perturbation theory (Löwdin
partitioning) [61].
The effective low-energy Hamiltonian of the two valleys is
H(1)(±K + δk) = −t(±σxδkx + σyδky)±Bzσz, (4.9)
where Bz is a valley-dependent mass [62] breaking TR symmetry and originating precisely
from the magnetic flux pattern introduced by Haldane. We can write the effective model
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+K -K
Figure 4.2: Schematic gluing of the two planes representing the valley Hamiltonians
to build up a sphere.
with HK ≡ H(1)(+K + δk) in the block form
H =
 H+K 0
0 H−K
 , (4.10)
where the symmetry [60] of the full Hamiltonian connects H−K = HK(δkx,−δky;−Bz).
We want to remark that this is not the only way to get an effective Hamiltonian for a
Chern insulator in a hexagonal lattice. An alternative approach is discussed in Ref. [63].
The presence of two valleys together with the low-energy continuum approximation divides
the compact basis manifold T2 (BZ) of the underlying lattice system in two disconnected
spaces represented by two real planes R2⊕R2 which do not hybridize with each other. The
Chern numbers describing the two valleys are given by νK,K′ = sign(Bz)/2 showing that
each valley is topologically marginal [64]. However, the full Chern number, given by the
sum of both valley Chern numbers, is ν = sign(Bz). This is in agreement with the lattice
results. The presence of two valleys removes the topological marginality. To understand
this, one can compare the Berry curvatures of both valleys
Ω+K(k) = Ω−K(k) =
1
2
Bzt√
B2z + t2k2
, (4.11)
which, fulfilling the condition: limk→∞Ω+K(k) = limk→∞Ω−K(−k), allows to glue the two
planes into a sphere (illustrated in Fig. 4.2).
Let us now analyze the occurrence of edge states. As long as the NNN hoppings are purely
imaginary, the lattice Hamiltonian respects particle-hole symmetry, and thus the system
belongs to the symmetry class D of the AZ classification. We are now ready to analyze the
presence of edge states. Two possibilities can be taken into account: the analysis of the
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effective theory on a half-line [0,∞), or in a ribbon of width W . We want to start with
the first one.
First we make a unitary transformation to simplify the analysis. This transformation has
two parts given by a cyclic permutation of all elements of the vector d = (dx, dy, dz) to
d̃ = (dy, dz, dx), and
U =
 τ0 0
0 τy
 . (4.12)
This leads to a valley-isotropic representation where kx appears only in the diagonal ele-
ments. The transformed Hamiltonian is then of the form H′ = σ0 ⊗ H̃K. With this, the
unitary part of the particle-hole symmetry operator P ′ = σx ⊗ σ0. We look now for edge
states of this model in the half plane determined by x > 0. The most general boundary
conditions can be written in the form [65, 66]
Ψ(0) = ζMΨ(0) with M = M † and M2 = 1, (4.13)
where the spinor wavefunction Ψ(x) = {Ψ+1 (x),Ψ+2 (x),Ψ−1 (x),Ψ−2 (x)}T solves the eigen-
value problem ofH′(k) for x > 0 (ζ = +1) and x < 0 (ζ = −1). Together with the required
absence of the current normal to the boundary, which is equivalent to the anti-commutator{
∂H′
∂kx
,M
}
= 0, (4.14)
we have to ensure particle-hole symmetry. The boundary conditions (BCs) have to fulfill
P ′effΨ∗(0) = MP ′effΨ∗(0), which leads to the commutation relation
[P ,M ] = 0 with P = P ′K. (4.15)
With these additional restrictions we find that the parametric form of the matrix M can
be distinguished in two different classes, reading
Ma =

0 0 0 eiφ
0 0 eiφ 0
0 e−iφ 0 0
e−iφ 0 0 0
 and Mb =

0 e+iφ 0 0
e−iφ 0 0 0
0 0 0 e−iφ
0 0 e+iφ 0
 . (4.16)
The first type of BCs Ma admixes the two valleys and contains evanescent waves of the
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form
Ψa ∝

eiφ
−sign(Bzt)ζeiφ
−sign(Bzt)
ζ
 e
λ|x| (4.17)
with a linear dispersion E = ζsign(Bz)|t|ky and λ = −|Bz/t|. In this case we see that
the non-trivial value of the Chern number goes hand in hand with the presence of linear-
dispersing edge states connecting the valence and the conduction band. The coupling of
the valleys by the boundary lead to a good bulk-edge correspondence.
For the second type of BCs Mb, which do not couple the valleys, one finds that the edge
spectrum of the half-plane configuration can contain the evanescent solutions
Ψ+b ∝

ζ
e−iφ
0
0
 e
λ+|x| and Ψ−b ∝

0
0
ζ
e+iφ
 e
λ−|x| (4.18)
with the energies E± = ζ(∓Bz sinφ − t cosφky), if the evanescent tails fulfill λ± =
∓ sinφky + cosφBz/t < 0 for the half-plane x > 0 or x < 0 respectively. Considering
now only the effective Hamiltonian of +K in the half-space x > 0, we further find a criti-
cal value kcrity where the edge solution appears (sinφ > 0) or disappears (sinφ < 0) out of
the bulk states. The critical point is given by
kcrity = Bz/(t tanφ) and Ecrit = −Bz/ sinφ (4.19)
describing the point where the edge states are connected to the valence (Ecrit > 0) or
conduction band (Ecrit < 0) respectively. This leads to a spectral asymmetry in each valley
±K which is coupled to its valley Chern number νK = ν−K. By counting the number of
appearing edge states coming out of the bulk of the valence band N±V B and adding the
number of disappearing edge states connected to the conduction band N±CB one gets twice
the valley Chern number:
νK = (N±V B +N±CB)/2, (4.20)
which is precisely the full Chern number. If we would consider the half space x < 0 the sign
of N±CB/V B has to be flipped (see appendix B). This is a bulk-edge correspondence between
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Figure 4.3: Edge spectrum of the honeycomb lattice in the phase ν− = 1 for Bz/t =
+1/4 (t > 0) for each valley and in a ribbon of width W = 1. For other
system widths the plot is invariant under the rescaling: ky(W ) = Wky,
E(W ) = WE, λ(W ) = Wλ and Bz(W ) = WBz. The blue region marks
the bulk regime and the dark red lines are the edge states. The thick lines
correspond to the edge x > 0 and the thin lines to x < 0. The red dots
describe the critical points (kcrit, Ecrit) where the edge states appear or
disappear.
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the valley invariants and the valley edge spectrum. The edge spectrum is illustrated in
Fig. 4.3 (b)-(d) together with the ribbon results, where the edge solutions of two edges can
hybridize with each other. It must be emphasized that the bulk-edge correspondence for
the appearance of in-gap modes only holds for π/2 < φ < π in a semi-infinite space.
There are two cases which show a completely different behavior. If sinφ = 0 and cosφBz/t <
0 we get a solution connecting the valence and the conduction band at ±∞ respectively.
The other exceptional case is if sinφ = 0 and cosφBz/t > 0 where we find no edge states at
all, although the valley Chern number is non-trivial. These types of spectra are illustrated
in Fig. 4.3 (a) and (e). The first case could be related to a ν = 0 Chern number while the
second one to ν = 2.
This partial breakdown of the bulk-edge correspondence has been dubbed as marginal
bulk-edge correspondence and it has been related to the topological marginality of the
single-valley Hamiltonians. However, and as a spoiler for the next chapter, it must be
stressed that the generic BC for the single-valley Dirac Hamiltonians explicitly accounts
for a finite edge potential, which violates the free surface assumption we stipulated in
Chapter 3.
4.2 Bilayer graphene with Bernal stacking
The marginal bulk-edge correspondence is generic for graphene-like systems [67]. In this
paragraph we want to construct a related two-valley model relevant for bilayer graphene
(BLG) [68]. To describe spinless electrons in two honeycomb layers we need a 8 × 8
Hamiltonian to respect the sublattice degree of freedom A/B, the valley degree of freedom
±K and the layer-index 1/2. The two honeycomb lattices are arranged in the Bernal
stacking configuration (see Fig. 4.4).
The distance between the two layers is not fixed and encrypted in the matrix elements of
the inter-layer hopping. The symmetries of this system are equal to the one of graphene.
Similar to a single honeycomb layer there are two non-equivalent degeneracy points ±K.
Close to them we can consider now a low-energy expansion up to the first order. Following
Ref. [69] each valley block can be written as
H±K =
 ∆⊥σx ± σzBz K±K
K†±K ∓σzBz
 (4.21)
in the basis {ψB,1, ψB,2, ψA,1, ψA,2}, where K±K = −t(±σxkx + kyσy) are the single-layer
Hamiltonians, ∆⊥ is the effective interlayer dimerization parameter and Bz is a valley-
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Figure 4.4: Top view of the graphite bilayer in the Bernal stacking configuration.
dependent mass. The parameter Bz drives the system from a semimetal to an insulator.
This Hamiltonian is marginal like the Dirac equation.
If we assume again that the relevant physics is related to low-energy excitations, we can
reduce the model for each valley to a two-band model. We write the time-independent
Schrödinger equation as (H±K−E)Ψ = 0 with Ψ = {ξ, φ}. This equation is equivalent to
ξ = − 1∆2⊥ − E2 +B2z
(E1 + ∆⊥σx ± σzBz)K±Kφ (4.22)
giving a relation between the spinors ξ and φ. We can then write the eigenvalue equation
for the spinor φ as
(∆2⊥ − E2 +B2z )(E1± σzBz)φ =−K±K(E1 + ∆⊥σx ± σzBz)K±Kφ
=(−t2(E1∓ σzBz)k2 + ∆2⊥H̃±K)φ, (4.23)
where we introduced the effective low-energy Hamiltonian
H̃±K = −
t2
∆⊥
 0 (kx ∓ iky)2
(kx ± iky)2 0
 . (4.24)
In the regime, E,Bz  ∆⊥ the eigenvalue equation for the effective wavefunction φ can
be finally written as
[H̃±K ∓ σzBz]φ = Eφ. (4.25)
The marginal property of the original four-component model is inherited by the reduced
two-band model. We do not want to go into details, because the analysis of the edge
states was already done in Ref. [69]. The authors studied the correspondence between
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the nontrivial topological properties associated with the individual valleys of gapped BLG
and the presence of gapless modes at its edges. The important result is that, similar
to the honeycomb lattice mode, one finds different behaviors depending on the lattice
termination. The non-universality of the bulk-edge correspondence is attributed to the
absence of a well-defined topological invariant in the single-valley Hamiltonians of BLG,
in analogy to the honeycomb lattice.
4.3 One-point compacification
The already anticipated idea of obtaining a spherical basis manifold from a real plane, goes
back to the method of stereographic projection (illustrated in Fig. 4.5) in two dimensions.
It is a mapping of all points of a sphere onto points in the plane and the other way around.
This mapping is well-defined on the full sphere, except for one point: the north pole (N).
The south pole (S) is mapped on itself.
For all other points this mapping is smooth and bijective. Therefore we can write the
stereographic projection
(%, α) = (cot(φ/2), θ), (4.26)
where we express the plane (kx, ky) = %(cosα, sinα) in polar coordinates and the unit
sphere by the zenith angle φ and the azimuth θ. Nevertheless we will be more interested
in defining the inverse operation
(φ, θ) = (2 arctan(1/%), α), (4.27)
which allows to compactify the plane M = R2. The north pole of the sphere (φ = 0, θ)
corresponds then to all points at %→∞.
Interestingly, this line is not an element of the plane R2, but we can add it artificially. This
is possible only if all points become indistinguishable at infinity. Fields living on those
manifolds need the necessary property that at infinity they are independent on the angle
α. For a quantum-mechanical eigenstate this implies that its projector P (k) has to fulfill
lim
|k|→∞
P (k) = f(|k|), (4.28)
where f is a functional form of the projector, which is independent of the direction of the
vector k. This requirement can be generalized to higher dimensions d to ensure a compact
basis manifold Sd ' Rd ∪ {∞}. This is the so-called one-point compactification [10, 70].
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N
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Figure 4.5: Illustration of the stereografic projection where each point of the sphere is
mapped on a point of the plane. The north pole is mapped on the ∞-line
of the plane.
Assuming a Hamiltonian which has for large k the form
H(k) = ...+
∑
|{α}|=n
hαk
{α} with k{α} = kα1kα2 ...kαn , (4.29)
where α is multi-index describing the products of n elements of the set {k1, k2...kd}, we can
reformulate the condition of one-point compactification for all eigenstates to the condition
lim
k→∞
H(k)
|k|n
= h(θ1, ..., θd−1) with Pnh(θ1, ..., θd−1)Pn = En(θ1, ..., θd−1), (4.30)
where the projectors Pn with energy En do not dependent on the spherical coordinates
{θi} and the order of the bands stays unchanged for an arbitrary set of angles. We have
to remark that the order between all conduction (or valence) bands can change with {θi}
instead.
If a general Hamiltonian does not fulfill this condition, it is in principle allowed to add
a correction term Hcorr(k) ad hoc to H(k), with Hcorr(k) respecting all the underlying
symmetries and dominating at large k. In the framework of effective theories such cor-
rections have two effects: the eigenvalues and eigenvectors are modified at high energies,
and the basis manifold changes. Topological invariants however are directly coupled to the
concrete eigenvectors, and thus such corrections do not only change the manifold, but also
the value of the invariant. It is therefore absolutely necessary to fix the order of the k ·p
expansion in line with the predictions of a lattice model.
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4.4 The BHZ model
We next apply the idea of compact low-energy theories for TIs to a particle-hole symmetric
Chern insulator by studying a simple two-band model known as the Bernevig-Hughes-
Zhang (BHZ) model [71]. The model is defined by
dµ(Γ + (kx, ky)) ' {Akx, µAky,M −B(k2x + k2y)}, (4.31)
where µ is an additional spin degree of freedom. We assume a sufficient small parameter
M (|M/B| < 4) and finite parameters A, B. The corresponding lattice Hamiltonian is
given by
dµ(kx, ky) = {A sin kx, µA sin ky,M − 2B(2− cos kx − cos ky)} (4.32)
defined over the BZ (−π, π] × (−π, π]. Expanding at the Γ-point restores the continuum
model.
Let us study the continuum model at Γ in more details. The projector of the two bands
is characterized by d̂(k) = −sign(B) at k → ∞ showing that models of this form are
indeed one-point compactified. The first things we can check are the Chern numbers.
In the lattice and in the continuum model the invariants are equal and given by ν± =
∓µ(sign(M)+sign(B)). The effective theory captures the topological invariant accurately.
For M,B > 0 (or M,B < 0) the normalized d vector visits both the south and the north
pole and wraps the unit sphere once. In the opposite regime M > 0 > B (or M < 0 < B),
the image of the mapping does not cover the full sphere. The Chern number is 0. The
fact that the long-wavelength Hamiltonian is capable of correctly identifying the topology
of the band structure of the lattice Hamiltonian, motivates to analyze the occurrence of
topologically protected edge states on a half space ignoring finite size effects [72]. We want
to remark that the Hamiltonian in each spin channel belongs to the AZ class D which
allows a Z topological invariant. The particle-hole symmetry
σxH
T (−k) = −H(−k)σx (4.33)
is the only generic symmetry in this system. After the substitution kx → −i∂x we can
analyze the secular equation det(H(−iλ, ky) − E) = 0 for the energy E with the help of
the exponential ansatz Ψ → ψ0(λ)eλx on the half plane x > 0 to find the topologically
protected edge states.
One can start to analyze the secular equation. This leads to a real polynomial of degree
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2 in λ2 which allows maximally two λ values with <λ < 0 for the half-space x > 0. We
denote them as: λ1 and λ2. Any general polynomial of degree n has n complex roots by
the fundamental theorem of algebra. It is therefore helpful to express the secular equation
with the Vieta’s formulas which relate the coefficients of the secular polynomial with its
roots. They are given by
λ21 + λ22 = 2k2y +
A2 − 2BM
B2
and λ21λ22 =
A2k2y + (M −Bk2y)2 − E2
B2
. (4.34)
The corresponding wave functions to this secular equation can be expressed as
ψ
(1)
0 (λ) =
 −iA(λ+ µky)
E −M +B(k2y − λ2)
 or ψ(2)0 (λ) =
 E +M +B(k2y − λ2)
−iA(λ− µky)
 . (4.35)
The vectors ψ(1)0 and ψ
(2)
0 are two different representations of the same secular equation.
The general edge solution must therefore be of the form
Ψ(x) = a(1)1 ψ
(1)
0 (λ1)eλ1x + a
(1)
2 ψ
(1)
0 (λ2)eλ2x or
Ψ(x) = a(2)1 ψ
(2)
0 (λ1)eλ1x + a
(2)
2 ψ
(2)
0 (λ2)eλ2x (4.36)
representing the superposition of the two eigenvectors where a(i)j are still unknown coeffi-
cients. The next step is to implement the BCs. We stick to the free surface assumption
we defined in Chapter 3, and thus consider both natural boundary conditions (NBC), and
fixed boundary conditions (FBC). These two BCs then imply the existence of a localized
normalizable in-gap state
Ψ ∝
 i
−sign(AB)
(eλ1x ∓ eλ2x) (4.37)
with an energy dispersion directly connected to the Chern number ν−
E(ky) = µ sign(B)|A|ky = ν−|A|ky. (4.38)
The exponents characterizing the decay length of the edge states are found to be
λ1/2 =
Σ
2 ±
√
Σ2
4 − Π = −
1
2
|A|
|B|
±
√
k2y +
A2 − 4BM
4B2 . (4.39)
The spectrum contains one chiral localized edge mode for all k2y < M/B. At k2y = M/B
55
4.4 The BHZ model 4 Compact continuum models of TIs
/2-  /2-  0
0
3
6
-3
-6
ky
0
ky
0.5 1
0
0.5
-0.5
E
(a)
E
(b)
x>0
x<0
Figure 4.6: (a) Projective bands for the TB model with M = A = B = 1 in a ribbon
of width W = 200a with the square lattice constant a = 1. The thick
lines represent the analytical results for the dispersion of the topologically
protected edge states as obtained from the low-energy expansion at Γ in a
semi-infinite strip with x < 0 (red) and x > 0 (blue). (b) Enlargement in
the bulk gap region showing a perfect agreement between the analytical
and the numerical results.
the edge states go into the bulk and disappear.
For comparison with the lattice results we study the TB model defined above. The dis-
persion of the topological edge states is shown in Fig. 4.6 with thick lines. The numerical
results obtained by solving the square lattice TB Hamiltonian in a ribbon geometry show
an excellent agreement with the long wavelength theory analysis. This proves that the
absence of a short-distance cutoff in the long-wavelength Hamiltonian does not change
neither the topological invariant nor the edge states.
This can be further corroborated by comparing the electronic properties of the topologically
protected zero modes, which are encountered at the projection of the k ·p expansion point
in the one-dimensional BZ. The zero modes can be characterized by the decay length lc
which is defined as
l−1c = max({<|λi|}) (4.40)
and the Fermi velocity vF describing the linear dispersion at zero energy
E(ky) = vFky +O(k2y). (4.41)
They are plotted for one set of parameters in Fig. 4.7. The parameterM describes the bulk
band gap which influences the behavior of the Fermi velocity and the decay length. Both
the lattice model Hamiltonian and the continuum Hamiltonian predict the Fermi velocity
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Figure 4.7: (a) Fermi velocity of the topologically protected zero modes as a function
of the band gap M for the BHZ model with A = B = 1. (b) Same
for the decay length of the zero modes in the bulk. In both panels, the
continuous lines correspond to the functional dependence obtained from
the k ·p analysis, while the points are the results of the TB model for
sufficient large ribbon width.
of the zero modes to be independent of the gap parameter while the decay length decreases
by increasing M , thereby showing that the zero modes become effectively more localized
as the band gap is increased. Qualitatively and quantitatively both models show the same
electronic characteristics. The effective theory is therefore capable of correctly identifying
all aspects of the topology of the band structure of the underlying lattice Hamiltonian.
4.5 Insulator with Chern number 2
To corroborate that a one-point compactified k ·p model generally captures the topological
properties of the underlying lattice model, we here consider a model which realizes a
topological phase with Chern number |ν±| = 2. A single-valley effective model with a
possible realization of this topological invariant is given by the generic form
d = {k2x − k2y, 2kxky,M −B(k4x + k4y)}, (4.42)
and belongs to the AZ class C with the particle-hole symmetry operator P = σy. The
fundamental difference with respect to the BHZ model is that a model in symmetry class
C only allows even Chern numbers (2Z). The corresponding lattice Hamiltonian can be
constructed on a square lattice by applying the substitution
ki → sin ki +
1
6 sin
3 ki, k
2
i → 2(1− cos ki) +
1
3(1− cos ki)
2 and k4i → 4(1− cos ki)2 (4.43)
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Figure 4.8: (a) The edge and bulk spectrum for a ribbon in x-direction with the pa-
rameters M = B = 1/2 is shown. The gray lines are the corresponding
TB results of the band edges and the topological surface states for large
enough system size. The blue region marks the bulk states of the effective
model. The colored dots indicate the critical points where edge states ap-
pear or disappear. The decay length and Fermi velocity of the zero modes
are plotted in (b) and (c) for B = 1/2 considering only the right branch
of the edge states (ky > 0). The dots are the TB results and the lines
represent the continuum model solutions.
to the effective low-energy model.
We find that the topological invariant in the low-energy theory is well-defined and can
be calculated to be ν± = ∓(sign(M) + sign(B)), which is for finite M and finite B equal
to the lattice result. The mass parameter M = 0 separates a topologically trivial from a
non-trivial phase. In the non-trivial phase, the vector d̂ wraps the sphere twice, which is
consistent with the even Chern number listed in the periodic table of TIs.
Let us now analyze the occurrence of topologically protected edge states. The bulk-edge
correspondence demands that for a Chern number equal to ν− we should find ν− topolog-
ically protected chiral edge solutions with the sign of ν− defining their chirality, i.e.
∑
i
sign(v(i)F ) = ν−. (4.44)
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Here v(i)F are the Fermi velocities of the ν− edge states. For ν− = 2 this means we must
encounter two chiral edge states connecting the valence and the conduction band.
We solve the low-energy model in the half-plane x > 0 and the use of the substitution
kx → −i∂x together with the self-adjoint free-surface BCs
Ψ(x = 0) = 0 and Ψ′(x = 0) = 0. (4.45)
This leads to the edge spectrum plotted in Fig. 4.8 (a). We find a nice agreement with the
spectrum obtained using the TB Hamiltonian in a ribbon geometry.
This holds true also by looking at the presence of the zero modes. It is interesting to notice
that the zero modes do not occur at the low-energy expansion point. The edge spectrum
contains two branches appearing at the bottom (top) of the conduction (valence) bulk
bands precisely at the low-energy expansion point. Away from it, the two edge branches
bend down and up respectively, and eventually touch the valence and conduction bands.
Moreover, the electronic characteristics of zero modes as predicted by the continuum theory,
and shown in Fig. 4.8 (b) and (c), are in perfect agreement with the TB results.
4.6 Time-reversal invariant systems
We finally comment on the possibility to define a topological invariant in a one-point
compactified low-energy theory also in the case of time-reversal (TR) invariant systems.
One simple model is the one-point compactified Dirac equation [73] where one exchanges
the mass term M by the momentum dependent mass M − Bp̂2 discussed in Ref. [74].
This modified Dirac equation is invariant under TR symmetry, particle-hole symmetry
and chiral symmetry (AZ class DIII), and can be therefore classified according to a Z2
invariant in d = 2 and to a Z index in d = 3.
The compact Hamiltonian can be written as
HDirac = Aα · p̂ + (M −Bp̂2)β, (4.46)
where the matrices αx,y,z and β have to fulfill α2i = β2 = 14×4 and {αi, αj} = {αi, β} = 0
if i 6= j. One common representation is
αi = σx ⊗ σi and β = σz ⊗ 12×2. (4.47)
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This equation has four bulk solutions which can be expressed in the form
Ψµ,±(p) = uµ,±ei(p · r∓E(p,)t) and uµ,± =
√√√√Ep ± (M −Bp2)
2Ep
 χµ
Aσ ·p
(M−Bp2)±Epχµ
 (4.48)
with χ1 = {1, 0}, χ2 = {0, 1} and the positive energy E(p) =
√
A2p2 + (M −Bp2)2. The
index µ is used to distinguish the two solutions for each energy ±E(p). The bulk gap is
then between the valence bands (1,+), (2,+) and the conduction bands (1,−), (2,−).
To analyze the topological invariant we have to define the TR operation. The symmetry
operator is given by T = −iαxαzK with T 2 = −1 where K is the complex conjugation, so
that we can analyze the overlap matrix
Ωµν = 〈uµ,−(p)|T |uν,−(p)〉 =
 0 +iM−Bp2−E(p)
−iM−Bp2−E(p) 0

µν
. (4.49)
In two-dimensions we can define an invariant by counting the zeros of the Pfaffian in the
overlap matrix
P (p) = Pf [Ω] = iM −Bp
2
−E(p) (4.50)
as we already pointed out in Eq. 2.76. The only thing we have to change is to substitute
the manifold encircled by the contour C. This manifold is no longer the half torus but the
half plane as illustrated in Fig. 4.9. In the context of the one-point compactification this
means that we use a half sphere and the contour integral is over the half circle [75]. The
arc closing at∞ gives no contribution, so that the contour integral becomes a line integral
from px = −∞ to +∞. This invariant can be evaluated and shows that the non-trivial
phase is characterized by sign(M) = sign(B) as we expected from the character switch of
the eigenvectors from Γ to ∞. This is the Z2 invariant for the effective theory in d = 2.
For a modified Dirac equation in three-dimensions instead, the topological invariant can
be written as [74]
N = εijk48π2Tr
[
C
∫
V
d3pG∂piG
−1G∂pjG
−1G∂pkG
−1
]
= 12(sign(M) + sign(B)), (4.51)
where C = σy ⊗ σ0 is the chiral-symmetry operator, V = R3 ∪ {∞} is the one-point
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kx
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R→∞
Figure 4.9: To count the number of pairs of the zeros of the Pfaffian P (k) building a
ring M = Bp2 shown as a blue ring we integrate over the (red) contour C.
compactified 3-dimensional space and G(= G(0,p)) is the Green function given by
G(iω,p) = −Aα ·p + (M −Bp
2)β + iω
ω2 +H2(p) . (4.52)
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In the previous chapters we have shown that k ·p Hamiltonians have a well-defined topolog-
ical invariant if the target and basic manifold is a full sphere. For two-valley systems, how-
ever, the single-valley Hamiltonians display a marginal bulk-edge correspondence, which
has been suggested to come about the topological marginality of the single-valley effective
theories. In this chapter, we will study a single-valley marginal Hamiltonians, which does
not display a marginal bulk-edge correspondence as long as we respect the free-surface as-
sumptions we stipulated in Chapter 3. This, in the end, allows us to relate the phenomenon
of marginal bulk-edge correspondence to the effect of specific boundary potentials in the
low-energy theory. To demonstrate this, we will start with a two-band model displaying
a single degeneracy point, and corresponding to a quadratic band crossing point (QBCP).
This is a point in the Brillouin zone (BZ) where two bands cross and have a quadratic dis-
persion close to it. It can be for instance realized in the checkerboard lattice (C4 symmetry),
and in the Kagome lattice (C6 symmetry) [76].
5.1 Quadratic band crossing point
A QBCP protected by time-reversal (TR) symmetry and C4 or C6 rotational symmetry
carries a quantized Berry flux
W = 1
i
∫
γ
dk · 〈Ψ(k)|∇k|Ψ(k)〉 , (5.1)
where γ is a contour in the momentum space enclosing the band crossing point and
|Ψ(k + G)〉 = |Ψ(k)〉 is the Bloch wave function of one band involved in the band cross-
ing. The difference between a linear band crossing point (LBCP) and a QBCP is that the
fluxes are |W | = π and |W | = 2π respectively [77]. It is important to stress that a generic
QBCP can carry a 0 Berry flux, in which case the QBCP is an accidental crossing and not
protected by any point-group symmetry.
Let us start constructing an effective model for such a system. Ignoring the identity part
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Figure 5.1: The band degeneracy points and their dispersion for a linear (LBCP) and
a quadratic (QBCP) symmetry-protected band crossing point are plotted
in (a) and (c) respectively. The non-trivial meron configurations h/|h|
which correspond to them are shown in (b) and (c). The red (solid) lines
represent the absolute value of the x-component and the blue (dashed)
the y-component.
the most general model with quadratic dispersion is given by
H(kx, ky) = Ax(σ ·nx)k2x + Ay(σ ·ny)k2y + 2Axyσxkxky, (5.2)
with the two unit vectors nx,y and parameters Ax, Ay and Axy. The direction of the Axy-
term is fixed along x without loss of generality. Applying TR symmetry represented by a
complex conjugation K
KH(kx, ky) = H(−kx,−ky)K, (5.3)
one finds that the direction vectors have to fulfill ey ·nx,y = 0. To stabilize and protect
the QBCP against perturbations one establishes, e.g., a fourfold symmetry axis C4 in the
Hamiltonian
RyH(kx, ky) = H(Ry(kx, ky))Ry and Ry
(
θ = π2
)
=
 cos θ sin θ
− sin θ cos θ
 . (5.4)
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This leads to the additional condition Ax = Ay and nx = −ny. A sixfold rotation C6 is
clearly more restrictive. Let us study a model where we set nx = (0, 0, 1) without loss of
generality. The Hamiltonian can be written as
H(kx, ky) = h1σx + h2σz, where h = (h1, h2) = (2Axykxky, A(k2x − k2y)) (5.5)
describes a two-dimensional vector, where its length has the physical meaning of half of
the band gap. This allows us to compare the QBCP with the LBCP. The dispersion close
to the QBCP is plotted in Fig. 5.1(c) in comparison to a conventional Dirac cone (a). The
h vector is a planar vector with a vortex structure illustrated in Fig. 5.1(d) again differing
from a symmetry-protected LBC (b) with a generic h = (Axkx, Ayky). Another difference
is that the QBCP has d-wave symmetry in contrast to a Dirac Point which has p-wave
symmetry.
5.2 QBCP in the checkerboard lattice
The simplest two-band model displaying a QBCP is a TB model for spinless fermions
on a checkerboard lattice. Its two-atomic basis {A,B} is described by the basis vector
d = (ex + ey)/2 and the primitive lattice vectors are given by a1 = ex and a2 = ey.
Introducing an edge parallel to the x or y axis leads to a lattice termination with only
one type of sublattice atoms, which we denote as (OO). Terminating the lattice along the
diagonal direction, both types of sublattice atoms are alternating at the edge. We denote
this termination as (OX). The two lattice descriptions are presented in Fig. 5.2.
The corresponding Hamiltonians can be written explicitly
H =
∑
Ri,Rj
 cRi,A
cRi,B
† +∆Ri,Rj +Q1δRi,Rj HABRi,Rj
. −∆Ri,Rj −Q1δRi,Rj
 cRj ,A
cRj ,B
 (5.6)
with the blocks
∆Ri,Rj
−t2
=δRi,(xj−1,yj) − δRi,(xj ,yj+1) + h.c. and
HABRi,Rj
−t
=e+iφ(δRi,Rj + δRi,(xj+1,yj+1)) + e−iφ(δRi,(xj ,yj+1) + δRi,(xj+1,yj)), (5.7)
where Ri = (xi, yi) represents the lattice coordinates. In the Hamiltonian above, t is the
nearest-neighbor hopping, t2 a next-nearest neighbor hopping with opposite sign in the
two sub-lattices A/B.
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(a) (b)
A
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Figure 5.2: The figures show the two important descriptions for the Bravais lattice
of the checkerboard. The different choices can be used for different ter-
minations. (a) is the (OO) termination and (b) the (OX) termination.
The green lines describe the edge. The red/blue dots are elements of the
sub-lattice A/B with an alternating potential V = ±Q1. Thick lines with
arrows correspond to hopping terms −teiφ, dashed lines to +t2 and thick
lines without arrows to −t2.
Since the QBCP is protected by TR and point group symmetry, the model exhibits a
gap only by explicitly breaking TR. This can be done by adding a magnetic flux of zero
average, realizing the Quantum anomalous Hall phase (QAH) [76, 77]. The flux pattern is
shown in Fig. 5.2 and is characterized by the parameter φ.
Besides TR symmetry breaking perturbation, rotational symmetry breaking perturbations
realize a splitting of the QBCP into two LBCPs. This can be modeled by introducing a
staggered chemical potential ±Q1 in the two sub-lattices A/B.
The discrete translation symmetry in the Bravais lattice allows us to consider the model
with TR as well as rotational symmetry breaking perturbations in momentum space. The
Fourier transformation is given by
cri,A =
1√
N
∑
k
eikrick,A and cri,B =
1√
N
∑
k
eik(ri+d)ck,B, (5.8)
where k = kxex + kyey, (kx, ky) ∈ (−π, π] × (−π, π]. In Fourier space, we can write the
Hamiltonian as
H =
∑
k∈BZ
c†k,αHαβ(k)ck,β. (5.9)
By definition the set of particle operators is not periodic (ck+G,A = ck,A and ck+G,B =
e−iGdck,B), and thus also the Hamiltonian is not periodic in G. We dub this as the natural
gauge. It is convenient to introduce another set of fermionic operators respecting instead
the Bloch condition. We denote this choice as the Bloch gauge, ensuring that the related
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Hamiltonian H̃ is periodic. The Bloch Hamiltonian is given by
H̃(k) = U(k)H(k)U †(k) with U(k) =
 e−ikd/2 0
0 e+ikd/2
 (5.10)
and the corresponding operators are defined by c̃k,A = ck,A and c̃k,B = eikdck,B. Neverthe-
less, both gauge choices are topologically equivalent (cf. paragraph 2.5). The Hamiltonians
can be characterized with the vector
d =

−4t cos
(
kx
2
)
cos
(
ky
2
)
cos(φ)
−4t sin
(
kx
2
)
sin
(
ky
2
)
sin(φ)
Q1 − 2t2(cos kx − cos ky)
 (5.11)
in the natural gauge, whereas in the Bloch gauge we have
d̃ =

−t(cos(kx + φ) + cos(ky + φ) + cosφ+ cos(kx + ky − φ))
−t(sin(kx + φ) + sin(ky + φ)− sinφ+ sin(kx + ky − φ))
Q1 − 2t2(cos kx − cos ky)
 . (5.12)
This description is in line with Ref. [78]. An analysis of this model shows the checkerboard
lattice indeed realizes a QBCP if the symmetry-breaking terms are set to φ,Q1 = 0. The
termQ1 splits the QBCP into two Dirac cones for small parameters |η| < 1 with η = Q1/4t2
and φ = 0. The two Dirac points are located at
Kη>0± = {± arccos(2|η| − 1), π} and Kη<0± = {π,± arccos(2|η| − 1)}. (5.13)
Let us make an expansion around these two Dirac points. Using the Bloch gauge we
find that the two Dirac cones carry the same Berry flux adding to 2π as expected. The
expansion for η > 0 indeed reads
d̃K± '

∓2t
√
η(1− η)ky
2tηky
±4t2
√
η(1− η)kx
 =

cosα ∓ sinα 0
± sinα cosα 0
0 0 1


±2t√ηky
0
±4t2
√
η(1− η)kx
 . (5.14)
Using the natural gauge instead the two π Berry fluxes of the Dirac cones cancel each other
W = WK+ + WK− = 0. This can be immediately proven by considering the expansion
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Figure 5.3: Density plot of the Berry curvature Ω/(2π) in the QAH phase of the
checkerboard lattice considering the natural gauge (a) and the Bloch gauge
(b) in arbitrary units. The TB parameters have been chosen as Q1 = 0,
t2/t = 0.9 and φ = 0.1. White regions correspond to high density and
blue to zero density.
around the two Dirac points can be written as
dK± '

2t√ηky
0
±4t2
√
η(1− η)kx
 for η > 0. (5.15)
The signs in the first component of dK± are equal, contrary to expansion found in the Bloch
gauge. Nevertheless, the expansion around M for Q1 = 0 up to the second order gives a
W = 2π Berry flux independent of the gauge description. The fact that in the natural
gauge the Berry flux is not conserved under rotational-symmetry breaking perturbations
already implies that for the analysis of the topological properties, the Bloch gauge should
be always taken into account.
Let us now assume φ 6= 0. The QAH phase is realized for φ 6= nπ/2 and |η| < 1. Using
the formula (4.3) we can calculate the Chern number for the lattice model and get
ν− = −sign(t2 sin(2φ))
 1 |η| < 1, φ 6= nπ/20 |η| > 1, φ 6= nπ/2 (5.16)
independent of the gauge. It is important to stress that in the two gauges the Berry
curvature Ω is, for |φ|  1, always localized close to the M point of the BZ, i.e. where the
QBCP occurs in the absence of TR symmetry breaking perturbations. They are shown for
one set of parameters in Fig. 5.3. This fact suggests that a low-energy expansion around
this point should correctly capture the topological properties of the system.
Before discussing this low-energy model let us discuss the symmetries of the TB Hamil-
tonian and first consider the natural gauge. In the absence of TR symmetry breaking
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perturbations, i.e. φ = 0, the Hamiltonian possesses TR symmetry T = K where K is
the complex conjugation. In addition, since the Hamiltonian anticommutes with σy for
φ = 0, we also find a chiral symmetry C = σy and consequently a particle-hole symmetry
P = σyK, which squares to −1. In the QAH phase, the TR symmetry is broken but the
system still possesses particle-hole symmetry. Henceforth, the system should belong to the
symmetry class C of the AZ table and characterized by an even integer invariant.
This apparent paradox can be solved by considering that in the Bloch gauge the unitary
part of the particle-hole symmetry operator acquires an explicit k-dependence reading
P̃k =
 0 −ie−ik ·d
+ie+ik ·d 0
 . (5.17)
Therefore, in the Bloch gauge the system does not possess any symmetry and belongs to
the symmetry class A, which correctly allows for a generic integer topological invariant
and is in agreement with the calculated Chern number. The fact that the real symmetry
class of the checkerboard lattice model is the A class will be important for the foregoing
low-energy theory analysis.
5.3 Hemi-spherical Chern insulators
Let us now introduce the effective low-energy model for the checkerboard lattice close to
the M = {π, π} point of the BZ in the QAH phase, and further assume |φ|  1 and
Q1 = 0. Since in a low-energy theory analysis, we are allowed to take any representation
of the d vector we choose the naural gauge, the expansion of which close to the M point
results in
d(M + (kx, ky)) '

−t cosφkxky
−4t(1− (k2x + k2y)/8) sinφ
−t2(k2x − k2y)
 . (5.18)
The corresponding Hamiltonian describes up to the second order the correct energy dis-
persion. To ensure that the Berry curvature is localized directly at M we have to treat φ
as an infinitesimally small parameter. We find
d(dφ, kx, ky) =

−tkxky
−4tdφ
−t2(k2x − k2y)
+O3(kx, ky, dφ). (5.19)
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With this, the Chern number of the continuum theory calculated with Eq. (4.3) is equal
to the one of the lattice model. The reason why this is the case is not so simple as in the
BHZ model. The continuum model is not one-point compactified since the projector of the
lowest band is not constant at ∞. The checkerboard lattice continuum model is therefore
a marginal theory as defined in the previous chapter, and the calculated Chern number
does not represent a topological invariant. In addition, there isn’t any valley degree of
freedom.
We could then first start to compactify the model in such a way that the TR symmetry
breaking mass is modified as M → M − Bkn where n ∈ 2Z+. By substituting dφ →
dφ(1− k4) we find that the Chern number is given by ν− = −2sign(t2dφ). This number is
even and twice as large as the lattice result. This follows from the fact that the continuum
low-energy model inherits a particle-hole symmetry squaring to −1 and thus the model
belongs to the symmetry class C of the AZ table. Every model with a compact basis
manifold belonging to this class has to display an even topological invariant. However, the
symmetry class of the checkerboard lattice model in the QAH phase is the class A. This
symmetry consideration forbids us a one-point compactification.
Let us now give the relation between the Chern number and a topological invariant.
For the low-energy continuum theory of the checkerboard lattice model, the normalized d̂
vector is not constant at ∞, but it is still planar, i.e.
n ·d(|k| → ∞) = 0, (5.20)
where n is the unit vector normal to the plane. In addition for k → 0 the normalized
d̂ vector points normal to this plane. This allows us to reinterpret our manifold as a
hemisphere where the points at infinity describe the equator of it. Using Stockes’ theorem
we can rewrite the Chern number as
ν− =
1
2π
∫
R2
d2k Ω(k) = 12π
∮
∂(R2)
dk ·A(k), (5.21)
where ∂(R2) is a closed loop in momentum space, Ω(k) = ∇ × A(k), and A(k) =
〈u(k)|(−i∇)|u(k)〉 with |u(k) the wave function of the lower band eigenstate. In addi-
tion we fix the gauge of the wave functions in such a way that the eigenstates at the
equator are able to contract into the north of south pole of the hemisphere. This then
70
5 Non-local effective theory 5.3 Hemi-spherical Chern insulators
Figure 5.4: Patterns of the d̂ vector configurations on a sphere like in the BHZ model
(a) and a hemisphere like in the checkerboard lattice (b). The two topo-
logical classes are defined in terms of different topological invariants.
implies that the eigenstates for |k| → ∞ can be written as
|d̂z > 0〉 =
1
2
 1
−(d̂x + id̂y)
 and |d̂z < 0〉 = 12
 −d̂x + id̂y
1
 . (5.22)
With this, we can express the Chern number as
ν− =
1
2sign(d̂z)W with W =
1
2π
∮
∂(R2)
dk · (d̂x∇d̂y − d̂y∇d̂x). (5.23)
The Chern number is therefore directly related to another topological invariant, which
is precisely the topological charge of the vortex structure realized at |k| → ∞. For the
honeycomb lattice model discussed in the previous chapter, this relation does not hold
since W only determines a “valley” Hall conductivity.
In conclusion, the topological origin of the Chern invariant changes from a mapping [S2,S2],
as found in the previous chapter, to a mapping [S1,S1] as illustrated in Fig. 5.4. This
suggests us to identify two different topological classes for single-valley k ·p Hamiltonians
of Chern insulators. In the first class we have a momentum manifold which can be one-
point compactified to a Riemannian sphere, and allows for the usual definition of the Chern
invariant. In the second one, instead, the momentum manifold is holomorphic to a non-
compact hemisphere but still allows for a one-dimensional topological invariant contained
in a mapping from a circle to a circle.
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5.4 Edge states in the gapped QBCP
We next analyze whether the intrinsic non-compact nature of the low-energy theory for a
QBCP leads to a marginal bulk-edge correspondence. We write the k ·p- Hamiltonian as
d(dφ)/(−t) =

sin(θ) cos(θ)(k2⊥ − k2||) + cos(2θ)k⊥k||
4dφ
(t2/t)(cos(2θ)(k2⊥ − k2||)− 2 sin(2θ)k⊥k||)
 (5.24)
where we used new coordinates kx
ky
 =
 cos θ − sin θ
+ sin θ cos θ
 k⊥
k||
 (5.25)
to describe all directions in the plane. The direction k⊥ is the decay direction and k||
characterizes the dispersion (propagation direction). By using the substitution k⊥ → −i∂x
the Hamiltonian turns into a second-order matrix differential equation. The edge states
can be analyzed by considering the long-wavelength Hamiltonian over the half-plane x > 0
and scanning for localized wave functions exponentially decaying into the bulk. Hereby,
we use again the exponential ansatz eλx with <(λ) < 0.
In analogy with the previous chapter, one can write the secular equation for the existence
of non-trivial solutions using the Vieta’s formulas
Σ + Σ2 =
4ik||(4t22 − t2) sin(4θ)
4t22 + t2 + (4t22 − t2) cos(4θ)
,
Π + Π2 + ΣΣ2 = 6k2|| −
8k2||(4t22 + t2)
4t22 + t2 + (4t22 − t2) cos(4θ)
, (5.26)
ΣΠ2 + Σ2Π = k2||(Σ + Σ2) and
ΠΠ2 = k4|| −
8(E2 − 16t2d2φ)
4t22 + t2 + (4t22 − t2) cos(4θ)
,
where Σ = λ1 + λ2, Σ2 = λ3 + λ4, Π = λ1λ2 and Π2 = λ3λ4 with the four solutions of the
secular equation {λ1, λ2, λ3, λ4}. The eigenvectors to the eigenvalue E are given by
Ψ1(λ) =
 −it(4dφ+ k2||λ cos(2θ))− t(k2|| + λ2) sin θ cos θ
−E + t2(k2|| + λ2) cos(2θ)− 2it2k||λ sin(2θ)
 or
Ψ2(λ) =
 iE + it2(k2|| + λ2) cos(2θ) + 2t2k||λ sin(2θ)
4tdφ− tk2||λ cos(2θ) + it(k2|| + λ2) sin θ cos θ
 . (5.27)
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They are two different representations for the same problem. The most general solution
is then given by a superposition of all four solutions, although only two solutions will
contribute. We write
ΨE =
2∑
i=1
aiΨ1(λi)eλix =
2∑
i=1
biΨ2(λi)eλix, (5.28)
where the 2 unknown coefficients {ai} or {bi} can be found by using appropriate BCs. We
assume a free surface so we are tended to choose fixed and natural boundary conditions
(FBC and NBC). Applying FBC means in this context 0 = det({Ψ1(λ1),Ψ1(λ2)}) or
0 = det({Ψ2(λ1),Ψ2(λ2)}). Both determinants are only linear functions of Π and Σ if we
exclude the case λ1 = λ2. This allows us to solve Π and Σ in a linear system giving
Σ = 2k||(−E cos(2θ) + 2it2dφ sin(2θ))2t2dφ cos(2θ)− iE sin(2θ)
and Π = k2||. (5.29)
With Vieta’s third formula one finds that Π2 = Π. Therefore the fourth formula only
allows edge states at the energy E = ±4tdφ for k|| 6= 0. The edge state solutions are flat
in contrast to the chiral edge states in the BHZ model. By putting the solution in the
equation for Σ ensuring <Σ < 0 this leads to the dispersion
E0 = sign(t2k||)4|t|dφ = −4|tdφ|ν−sign(k||) for k|| 6= 0, (5.30)
with the normalizable edge state
Ψ(x) ∝
 i
sign(tt2k||)
 (eλ1x − eλ2x) (5.31)
and its evanescent tails described by
λ1/2 =
Σ
2 ±
√
Σ2
4 − k
2
|| with
Σ
k||
= −4sign(k||)|tt2|+ i(4t
2
2 − t2) sin(4θ)
t2 sin2(2θ) + 4t22 cos2(2θ)
. (5.32)
If we instead would use NBC characterized by the equation j(k⊥ → −i∂x)Ψ|x=0 = 0 with
the current operator
j =
 2t2(k⊥ cos(2θ)− k|| sin(2θ)) t(k⊥ sin(2θ) + k|| sin(2θ))
. −2t2(k⊥ cos(2θ)− k|| sin(2θ))
 , (5.33)
we get the same result except that Ψ ∝ (.)(eλ1x + eλ2x). FBC and NBC realize both the
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Figure 5.5: Schematic edge dispersion using the effective model without (b) and with
(c) a finite value of dφ. They correspond exactly to the ribbon results of the
(OX) termination ((a) and (d) respectively) for sufficient large ribbon size
N . The parameters for the figures are φ = 0.1, t2/t = 0.9 and N = 100.
After opening a gap we find topological edge states (red) in the effective
picture while a ribbon shows two contributions corresponding to the two
edges of the ribbon.
same solution.
A comparison of the region with k|| < 0 with the region k|| > 0 show a spectral asymmetry
with two branches of edge states, which are disconnected and disappear at k|| = 0. This
is a new type of bulk-edge correspondence predicting that the two branches of edge states
have to connect for a momentum different than the low-energy expansion point. This non-
local behavior of the edge states is a hallmark for this class of Hamiltonians. Its spectrum
is illustrated in Fig. 5.5 for zero and finite parameter dφ, and perfectly mimics the ribbon
results.
Due to the rotational invariance of the edge spectrum of the effective theory in the natural
gauge we can compare directly our effective results with the TB results. As we see, we find
edge states precisely at the top (bottom) of the conduction band close to the projection
of the low-energy M in the one-dimensional BZ, which is in perfect agreement with the
foregoing k ·p analysis.
The Fermi velocity of the edge states is vF = 0 for a free surface. The only non-trivial
information about the edge states we can get is the decay length lc represented by the
inverse of the minimum of the exponential tails. The decay length can be written as
lc = f(|t2/t|, θ)/|k||| (5.34)
diverging for |k||| → 0. The structure of function f is plotted in Fig. 5.6. The dips in the
function are the points where the λ1 and λ2 exchange. They are at θ ∈ {±π/4,±3π/4}
for |t2/t| > 1/2 and θ ∈ {0,±π/2, π} for |t2/t| < 1/2 representing the d-wave structure
underlying our system.
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Figure 5.6: Representation of the function f as a polar plot describing the decay length
of the edge states of the gapped QBCP in the checkerboard lattice.
5.5 The zero modes
The midgap energy modes of the checkerboard lattice occur however at another point of
the one-dimensional BZ. This feature shows the most peculiar characteristic of the k ·p
model over the hemisphere: even though the topological invariant can be inferred from the
low-energy bulk bandstructure, it exists a non-local bulk-edge correspondence predicting
midgap edge states at different BZ points.
If we compare the functional dependence of the electronic characteristics of the zero modes
on the band gap with respect to the BHZ model (cf. Fig. 4.7), we find that the Fermi
velocity increases linearly and its decay length is independent of the gap. The TB results
for the (OX) termination are shown in Fig. 5.7. A similiar behavior was found by Cano-
Cortés et al. [67] by considering different terminations in honeycomb-like lattices.
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Figure 5.7: Fermi velocity and decay length of the zero modes in (OX) termination
for the lattice Hamiltonian over the band gap for t2/t = 0.6.
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6 HgTe in 2D and 3D
In this chapter we will study a more sophisticated low-energy model describing the topo-
logical phases in time-reversal (TR) invariant materials. These TR invariant TIs are at
the forefront of condensed matter physics for their huge potential applications in spintron-
ics [79] and quantum computation.
One paradigmatic example is given by HgTe. In this material, topologically non-trivial
phases were not only theoretically predicted [37, 80], but also experimentally verified [81,
82, 83]. To study HgTe within an effective continuum model we will use the well-known
Kane model [84].
6.1 Bulk HgTe and its effective model
Pristine HgTe shows a semi-metallic behavior with the Fermi energy EF that lies in the
middle of the fourfold degenerate light-hole (LH) and heavy-hole (HH) states at the Bril-
louin zone (BZ) center [36, 85, 86]. The hole states have an orbital character which is p-like
(the composition is shown in appendix C). Let us first consider what are the topological
characteristics of the insulating state by lifting the degeneracy at the Γ-point. In this case
we could consider an effective model only composed of LH and HH bands. They describe
the dispersion and the low-energy excitations quite well, but do not explain the topologi-
cal properties of HgTe. For this, one has to take into account the s-like Γ6 bands, which
are far below the Fermi energy. The contribution of all these bands can be studied by
analyzing a TB Hamiltonian with a two-atomic basis of mercury Hg=[Xe]f 145d106s2 and
tellurium Te=[Kr]4d105s25p4 forming the two interpenetrating fcc lattices of a zincblende
lattice. The Bravais lattice vectors of this model are given by
a1 =
1
2a

0
1
1
 , a2 = 12a

1
0
1
 , a3 = 12a

1
1
0
 (6.1)
and the basis vector d = 14a{1, 1, 1} is the shift between the two fcc lattices. The resulting
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Figure 6.1: The TB results (a) for the bulk are shown in the relevant energy regime.
The empirical model of HgTe is discussed in more details in Ref. [87]. At
Γ we find the low-energy excitations of this system with the reversed band
ordering (b) in comparison to the one of CdTe (c). The signs represent
the parity of the relevant bands Γ6 and Γ8.
TB model can be obtained as
Ĥ =
∑
iσ,R
εai â
†
iσ,Râiσ,R +
∑
iσ,R
εci ĉ
†
iσ,R+dĉiσ,R+d
+
∑
σij,RR′,d
Vij(R,R′ + d)â†iσ,Rĉjσ,R′+d + h.c. (6.2)
+
∑
ijσσ′,R
2λa(L)ij · (S)σσ′ â†iσ,Râjσ′,R +
∑
ijσσ′,R
2λc(L)ij · (S)σσ′ ĉ†iσ,R+dĉjσ′,R+d,
where we included the spin-orbit coupling (SOC) L ·S for the (a)nion and the (c)ation
with spin σ, orbital i ∈ {s, p, ...} and lattice vector R. The dispersion of this model is
shown in Fig. 6.1 (a) using only s and p orbitals [87, 88] and realistic parameters. It shows
that the low-energy excitations are close to the Γ point of the BZ.
Using the theory of invariants [84] the effective continuum model for these excitations can
be constructed for the LH, HH (Γ8) and the Γ6 bands. This is the so-called 6-band Kane
model. The functional form of this Hamiltonian is discussed in appendix C in detail. This
model has been already successfully used to describe the Quantum Spin Hall effect in
HgTe/CdTe quantum wells [71, 89].
Fig. 6.1 (b) and (c) show the main characteristics of the energy dispersion of HgTe as com-
pared to CdTe. In the topologically CdTe, the Γ6 bands form the conduction bands while
the Γ8 bands represent the valence bands. The inverted band ordering in HgTe, which is
a consequence of the strong SOC of Hg, immediately implies a non-trivial topology since
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two bands of opposite parities [37] have level crossed with respect to the normal band
ordering at the low-energy point. The latter criterion is strictly valid in the presence of
inversion symmetry while the zincblende crystal structure of HgTe lacks inversion symme-
try. However, it is normally considered that the bulk inversion aysmmetry (BIA) does not
hinder the topological nature of the level crossing. In this chapter we will show that this
assertion is verified in three-dimension but in two-dimensions inversion symmetry breaking
perturbations can lead to topological changes.
6.2 HgTe/CdTe quantum wells
The topologically non-trivial properties of HgTe already appear in HgTe quantum wells
(QWs), where HgTe layers are sandwiched between CdTe layers. To simulate this system,
we start with the bulk-inversion symmetric 6-band Kane model in the axial approximation,
where we neglect the split-off Γ7 bands of the extended Kane model. The effective model
and its parameters are discussed in the appendix. Small anisotropy effects will be treated
perturbatively at the end. Following Ref. [71], one can choose the growth direction along
z with CdTe for |z| > d/2 and HgTe for |z| < d/2 where d is the quantum well thickness.
In the corresponding k ·p theory, all parameters of the Kane model are spatial dependent.
The Luttinger parameters γi are changed in γik2z → −∂zγi(z)∂z for i = 0, 1, 2, 3 with a
functional form
γi(z) = γ(Cd)i Θ(|z| − d/2) + γ
(Hg)
i Θ(d/2− |z|), (6.3)
where γ(x)i are the bare parameters of CdTe or HgTe respectively. Since we are interested
in the electronic properties at the projected surface BZ Γ point, we set kx = ky = 0. The
Hamiltonian is then
HKane(kx = ky = 0, kz) =

T 0 0
√
2
3Pkz 0 0
. T 0 0
√
2
3Pkz 0
. . U + V 0 0 0
. . . U − V 0 0
. . . . U − V 0
. . . . . U + V

, (6.4)
where T = E0 + Bγ0k2z , U = Ev − Bγ1k2z and V = 2Bγ2k2z in terms of the Kane model
parameters. The Hamiltonian has two subblocks corresponding to the two TR channels. In
addition, we find that the terms with coupling P describe the hybridization only between
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Γ6 and the LH-band. The HH bands are completely decoupled from the other bands. For
the Γ6 and LH states, the effective Hamiltonian reads
H1,41,4 =
 T (z, p̂z) √23P p̂z
. U(z, p̂z)− V (z, p̂z)

=
 Ec(z)−Bγ0(z)∂2z −i√23P∂z
. Ev(z) +B(γ1(z) + 2γ2(z))∂2z
 , (6.5)
and describes the higher-energy subbands (E1, E2, E3...) with their low-energy partners
(L1, L2, L3...). The Hamiltonian for the HH is instead
H33 = U(z, p̂z) + V (z, p̂z) = Ev(z) +B(γ1(z)− 2γ2(z))∂2z (6.6)
and describes the so-called (H1, H2, H3...) subbands.
The Ei and Li subbands can be found by assuming the ansatz for the wavefunction
Ψ(z < −d/2) =
 A1
A4
 e−αCd(E)|z|,
Ψ(|z| < d/2) =
 B1(eαHg(E)z ± e−αHg(E)z)
B4(eαCd(E)z ∓ e−αCd(E)z)
 and (6.7)
Ψ(z > +d/2) =
 ±A1
∓A4
 e−αCd(E)|z|,
where the energy-dependent parameters in front of the exponentials fulfill the following
secular equation in each region
Tx − E√
2
3iPαx(E)
=
√
2
3iPαx(E)
Ux − Vx − E
for x = Hg,Cd. (6.8)
The continuity of the wavefunction and the probability current using j(z) ∝ ∂H1,41,4/∂(∂z)
can be written as
lim
δ→0
Ψ(z = ±d2 − δ) = Ψ(z = ±
d
2 + δ) and
lim
δ→0
j(z = ±d2 − δ)Ψ(z = ±
d
2 − δ) = j(z = ±
d
2 + δ)Ψ(z = ±
d
2 + δ), (6.9)
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which leads to
TCd − E
αCd(E)
= − tanh
[
αHg(E)
d
2
]
THg − E
αHg(E)
for Ei and
UCd − VCd − E
αCd(E)
= − tanh
[
αHg(E)
d
2
]
UHg − VHg − E
αHg(E)
for Li. (6.10)
Let us now consider the heavy-hole subbands Hi. In the HgTe QW the subband eigenstates
will be simply standing waves. Therefore we use the ansatz
Ψ(z < −d/2) = Ne−α̃Cd(E)|z|,
Ψ(|z| < d/2) = Ne−α̃Cd(E)d/2 cos / sin(α̃Hg(E)z)cos / sin(α̃Cd(E)d/2)
and (6.11)
Ψ(z > +d/2) = ±Ne−α̃Cd(E)|z|.
The continuity of the wavefunction implies the two following secular equation
α̃2Cd(E) =
E − ECdv
B(γCd1 − 2γCd2 )
and α̃2Hg(E) =
EHgv − E
B(γHg1 − 2γHg2 )
. (6.12)
In addition, from the continuity of the probability current j(z) ∝ ∂H33/∂(∂z), written as
lim
δ→0
j(|z| = d2 − δ)Ψ(|z| =
d
2 − δ) = j(|z| =
d
2 + δ)Ψ(|z| =
d
2 + δ), (6.13)
we find the following equation
1
(γCd1 − 2γCd2 )α̃Cd(E)
= cot / tan
[
α̃Hg(E)
d
2
]
1
(γHg1 − 2γHg2 )α̃Hg(E)
. (6.14)
The equations above determine the subband states Ei, Hi and Li in one TR channel. The
results are shown in Fig. 6.2. The most interesting part in this plot is marked with a
black dot, and describes a level crossing of the E1 and H1 subbands. We also note that in
the HgTe QW thickness d → ∞ limit, the two E1 and L1 subbands become degenerate.
We can already anticipate that these states are just the Dirac points of the Dirac cones
predicted to occur on the surface of bulk HgTe.
Following Ref. [71], we can proceed further to analyze whether the level crossing of H1 and
E1 at a critical thickness dc marks a topological phase transition. By using perturbation
theory and the 4 relevant low-energy subbands eigenstates {|E1,+〉 , |H1,+〉 , |E1,−〉 , |H1,−〉},
where ± indicate the two TR channels, we can calculate the effective two-dimensional
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Figure 6.2: Energy of the subbands Ei, Hi and Li versus quantum well thickness d.
The dashed bands are pure bulk states. The thick lines correspond to the
Dirac point in d = 3 limit. The horizontal auxiliary lines are the band
edges of pristine HgTe. The vertical ones describe the critical thickness
where the two subbands of the Dirac cone become evanescent. The black
dot corresponds to the critical point where E1 and H1 cross.
Hamiltonian
(
Heff (kx, ky)
)
ij
=
∫ ∞
−∞
dz 〈i|HKane(kx, ky,−i∂z)|j〉 . (6.15)
It is of the form
Heff = εk1 +

+M(k) Ak− 0 0
Ak+ −M(k) 0 0
0 0 +M(k) −Ak+
0 0 −Ak− −M(k)
 (6.16)
with εk = C − Dk2, M(k) = M − Bk2, k± = kx ± iky and k = (kx, ky). This func-
tional form of the Hamiltonian can also be obtained using a two-dimensional theory of
invariants [90]. The parameters A,B,C,D,M depend on the quantum-well thickness d.
The parameters C and D are irrelevant from a topological point of view. The other pa-
rameters have the following behavior close to the critical thickness: A < 0, B < 0 and
M ∝ −(d − dc). Concrete values can be found for instance in Ref. [71]. This model has
been already discussed in Chapter 4 of this thesis. Each block represents one spin channel
of the continuum description of the BHZ model. The parameter M therefore distinguishes
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bands at the point kx = ky = 0 where the bands cross.
two different topological phases.
Let us now introduce an alternative description of the topological properties of HgTe
quantum wells using the so-called quantum well approximation [91]. We fix the expectation
values of the Kane-Hamiltonian along the z-direction and substitute
〈kz〉 = 0 and 〈k2z〉 ≈ (π/d)2. (6.17)
Using these relations we can bring the Kane model Hamiltonian after rearranging the basis
set to {1, 3, 5, 2, 6, 4} in the form [86]
H(k‖ = (kx, ky)) =
 h(k‖) 0
. h∗(−k‖)
 , (6.18)
with the block h(k‖) written as
〈T 〉+Bγ0k2‖ − P√2k+
1√
6Pk−
. 〈U〉+ 〈V 〉 −B(γ1 + γ̄)k2‖
√
3γ̄Bk2−
. . 〈U〉 − 〈V 〉 −B(γ1 − γ̄)k2‖
 , (6.19)
where 〈T 〉 = E0 + Bγ0 〈k2z〉, 〈U〉 = −Bγ1 〈k2z〉 and 〈V 〉 = 2Bγ2 〈k2z〉. This block structure
allows us to calculate the (Spin) Chern number for the Hamiltonian h(k‖). We here use
the definition (2.54) and the SU(3) formulation of the Chern number for a 3-band model
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discussed in appendix A, and get
νΓ6− = −(νLH− + νHH− ) = −Θ(d− dc). (6.20)
In agreement with the foregoing analysis we find a phase transition from a trivial insulator
to a quantum spin Hall insulator at a critical thickness where a level crossing between the
HH and the Γ6 subbands occurs. This is illustrated in Fig. 6.3.
6.3 Inversion-asymmetric BHZ model
Let us now consider the effect of a bulk inversion symmetry breaking term (BIA term)
to the effective Hamiltonian of the HgTe QW. The spin symmetry is then totally broken,
but a Z2 topological invariant can be still defined. Winkler et al. [92] identified a robust
level coincidence in the subband structure of these quasi-2d systems implying the presence
of two topologically distinct phases in the presence of small inversion-symmetry breaking
perturbations. In the presence of a BIA terms, the continuous model near Γ up to the
linear order can be written as [84]
Heff∆ (k) =

M A(kx − iky) 0 ∆
A(kx + iky) −M −∆ 0
0 −∆ M −A(kx + iky)
∆ 0 −A(kx − iky) −M
 . (6.21)
Since the TR operator T is defined by T = iσy ⊗ σ0K, Heff∆ (k) possesses TR symmetry
while a finite parameter ∆ breaks inversion symmetry represented by the operator I =
σ0 ⊗ σz and r → −r. The dispersion E(k) = ±
√
M2 + (|∆| ± |A|k)2 of the Hamiltonian
above shows that a topological phase transition cannot occur any longer at the Γ point.
We first look for interface states at a domain wall [93] assuming the mass parameter M
flips sign at the interface between the right (x > 0) and the left side (x < 0). The solutions
have to come in pairs for every ky due to TR symmetry. This allows us to denote the two
edge states at the domain wall
Ψ↑(x; ky) and Ψ↓(x; ky) = T Ψ↑(x;−ky). (6.22)
We first ignore the BIA term. Heff0 (k) can be divided in two independent subblocks
for the up and down spins. According to this, the general solution for a mass profile
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M(x) = µsign(x) with a positive µ is
E↑(ky) = +|A|ky with Ψ↑(x; ky) =
√
µ
2|A|

sign(A)
+i
0
0
 e
−µ|x/A| and
E↓(ky) = −|A|ky with Ψ↓(x; ky) =
√
µ
2|A|

0
0
sign(A)
−i
 e
−µ|x/A|. (6.23)
In the next step we allow for a finite ∆. We use the entire Hamiltonian with the exponential
ansatz eλx. The secular equation of the effective Hamiltonian Heff∆ (kx → −iλ; ky) leads to
four solutions λ = λ1/2/3/4(E)
λ2 = 1
A2
(M2 − E2) + k2y −
∆2
A2
± i2|∆|
A2
√
M2 − E2 for M2 > E2 or
λ2 = 1
A2
(M2 − E2) + k2y −
∆2
A2
± 2|∆|
A2
√
E2 −M2 for E2 ≥M2. (6.24)
The energy has to fulfill M2 > E2. The other choice leads to non-renormalizable solutions
(λ2 < 0) or to only one solution for λ (λ2 > 0). We can write the four solutions of λ(E)

λ1 = +a+ ib
λ2 = −a− ib
λ3 = +a− ib
λ4 = −a+ ib
with

a = a0b0/b
b = − 1√2
√
b20 − a20 − k2y +
√
4a20b20 + (b20 − a20 − k2y)2
a0 = a(ky = 0) = − 1|A|
√
M2 − E2
b0 = b(ky = 0) = − |∆/A|
(6.25)
and the eigenvectors
φ(λi) =

∆(E2 −M2 −∆2 − A2(λ2i − k2y))
2iA(E −M)∆(ky − λi)
−iA(ky −∆)(E2 −M2 + ∆2 + A2(λ2i − k2y))
(E −M)(E2 −M2 −∆2 + A2(λ2i − k2y))
 . (6.26)
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At ky = 0 we then have a Kramers doublet at zero energy whose wavefunctions are
Ψ↑(x; 0) =
1
2
√
µ
|A|
e−µ|x/A|e−i∆x/|A|

−i
sign(A)
sign(A)sign(∆)i
sign(∆)
 and
Ψ↓(x; 0) =
1
2
√
µ
|A|
e−µ|x/A|e+i∆x/|A|

sign(A)sign(∆)i
−sign(∆)
i
sign(A)
 . (6.27)
One can simply show that these two solutions in the ∆ → 0 limit correspond, up to a
unitary transformation, to the eigenstates found in the absence of inversion symmetry
breaking perturbations. The effect of the BIA term is a change in the energy dispersion of
the interface states. The Fermi velocities are modified to
v∆F =
µ2
µ2 + ∆2v
0
F (6.28)
and terms ∝ k2y are also present. Obviously, the presence of interface states is not en-
dangered by the BIA terms. As we have highlighted in the context of the marginal
bulk-edge correspondence, the appearance of interface states does not uniquely deter-
mine the topological characteristic of the system. Therefore we study the BHZ con-
tinuous model including terms, which are quadratic in k as in Hamiltonian Eq. (6.16).
We set C = D = 0 for simplicity. The quadratic terms modify the bulk dispersion to
E(k) = ±
√
(M −Bk2)2 + (|∆| ± |A|k)2. It is interesting that there exists a band crossing
point driven by the inversion symmetry breaking term. The critical value at which this
occurs is given by
|∆crit| =
√
M
B
|A| but only if M
B
> 0. (6.29)
This shows that even if we start in the topologically non-trivial phase, inversion symmetry
breaking terms can lead to a gap closing-reopening point, thereby suggesting a topological
phase transition. For illustration purposes we have plotted the dispersion in Fig. 6.4 where
we drive the system through the transition by tuning the strength ∆ of the BIA term.
To analyze the consequence of the gap closing-reopening point we use a lattice regulariza-
86
6 HgTe in 2D and 3D 6.3 Inversion-asymmetric BHZ model
-1.0 -0.5 0.0 0.5 1.0-3
-2
-1
0
1
2
3
-1.0 -0.5 0.0 0.5 1.0-3
-2
-1
0
1
2
3
-1.0 -0.5 0.0 0.5 1.0-3
-2
-1
0
1
2
3
-1.0 -0.5 0.0 0.5 1.0-3
-2
-1
0
1
2
3
Akx/M Akx/M Akx/M Akx/M
E/
M
E/
M
E/
M
E/
M
(a) (b) (c) (d)
Figure 6.4: Bulk dispersion E(kx, ky = 0) over the momentum Akx/M near the Γ
point for M > 0, B/(M
√
A) = 2 and ∆/M = {0, 0.1,
√
1/2, 2} (from left
to right).
0.0 0.5 1.0 1.5 2.0
0.0
0.2
0.4
0.6
0.8
1.0
1.2
(a) (b) (c)
Δ/M
ga
p/
M
TI trivial
(b) (c)
-π -π0 0-π
0
+π
-π
0
+π
kxkx
ph
as
e
ph
as
e
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equivalent band coincidence in the gap (a) like in the effective theory.
The two insulating phases are characterized by an even (b) and odd num-
ber (c) of times the Wanniers center going around the cylinder using the
technique of the nonabelian Berry connection explained in paragraph 2.6.
The parameters are the same like in Fig. 6.4.
tion of the BHZ model obtained by substituting
ki → sin ki and k2i → 2(1− cos ki). (6.30)
Within this TB model we can check whether the gap closing-reopening is accompanied by
a topological phase transition. It turns out that this is the case. By using the formulation
of the topological invariant in terms of the nonabelian Berry connection discussed in para-
graph 2.6, we find a topological phase transition driven by the BIA term from a quantum
spin Hall insulator a a trivial insulator (see Fig. 6.5). Therefore, sufficiently strong BIA
terms can potentially destroy the topologically non-trivial phase in HgTe QWs.
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6.4 Strained bulk HgTe
We now move to analyze the topological properties of bulk HgTe. As we have previously
discussed, the topologically non-trivial properties of HgTe come about the inverted band
ordering between the Γ6 and the LH and HH bands. However, pristine HgTe is a semimetal
rather than an insulator. In a semimetal with an inverted band ordering topological surface
states can in principle coexist with bulk states. This, in turn, has suggested the notion of
a helical semimetallic state. In a helical semimetallic state, the presence of surface states is
not topologically protected by TR symmetry alone. Indeed, surface states generally overlap
in energy with bulk states at different momenta. The protection of surface states then relies
on additional continuous symmetries. For pristine HgTe, Ortix and collaborators [94] have
shown that the presence of surface states strictly relies on the presence of bulk inversion
symmetry. Even infinitesimally small bulk inversion-symmetry breaking perturbations
render the topological surface states and hence the helical semimetallic state unstable.
The topological insulating regime in HgTe can be reached by lifting the fourfold degeneracy
of the Γ8 states at the zone center via a compressive uniaxial strain [81]. Epitaxial strain
due to lattice mismatch in a heterostructure can be taken into account by applying a
formalism introduced by Bir and Pikus (BP) [95]. The effect of strain is the transformation
of the unstrained lattice vectors Ri to the strained lattice vectors R′i through the relation
R′i = (1 + ε̂)Ri, (6.31)
where ε̂ is the 3×3 strain tensor. The strain-induced terms can be simply incorporated into
the k ·p band structure calculation using the substitution H → H +HBP . The functional
form of HBP corresponds to the unstrained k ·p Hamiltonian substituting terms quadratic
in momentum as
kikj → εij, (6.32)
where εij = (ε̂)ij are the strain tensor components. In addition, the k ·p parameters are
changed to new parameters, e.g.
Bγ0 → C,Bγ2 → −b and Bγ3 → −
1√
3
d, (6.33)
known as deformation potentials. The main effect of strain is to introduce a shift in the
conduction and valence band edges. In particular, uniaxial, or biaxial strain generally
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removes band degeneracies. In the remainder, we will consider strain obtained by epitaxial
growth of a material onto a substrate with different lattice constant. For HgTe this can
be achieved by epitaxial growth on CdTe. The in-plane contraction (ε‖ < 0) or dilation
(ε‖ > 0) of the interface in the heterostructure is determined by the lattice mismatch [96]
ε‖ =
aCdTe − aHgTe
aHgTe
≈ 0.003 > 0, (6.34)
where ax are the two lattice constants of the materials. Growth of HgTe in the (001)
direction yields the strain tensor
ε̂ = ε‖

1 0 0
0 1 0
0 0 −2C12
C11
 (6.35)
with the positive elastic stiffness constants C11 and C12 given in Ref. [97]. In the extended
6× 6 Kane model we can write the BP Hamiltonian as
HBP =

Tε 0 0 0 0 0
. Tε 0 0 0 0
. . Uε + Vε Sε Rε 0
. . . Uε − Vε 0 Rε
. . . . Uε − Vε −Sε
. . . . . Uε + Vε

(6.36)
with strain-induced terms (see Ref. [47])
Tε = C trε̂, Uε = a trε̂, Vε =
b
2(trε̂− 3εzz),
Sε = −d(εxz − iεyz) and Rε = −
√
3
2 b(εxx − εyy) + idεxy. (6.37)
In order to study the low-energy properties in presence of epitaxial strain, we will ignore
the volumetric part of the strain, which changes the energy difference between the Γ6 and
the hole band edges characterized by the deformation potential difference
C − a = (−3.69± 0.1) eV (from Ref. [98]). (6.38)
The remaining part corresponds to an effective uniaxial strain along the (001) direction
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with an effective BP Hamiltonian with functional form
HBP = diag({0, 0,−∆ε,∆ε,∆ε,−∆ε}). (6.39)
In the equation above we introduced the parameter
∆ε = −Vε = −bε‖
(
1 + 2C12
C11
)
, (6.40)
which is proportional to the deformation potential
b = (−1.5± 0.2) eV (from Ref. [99]). (6.41)
For HgTe grown on CdTe ∆ε > 0 corresponding to compressive strain. Clearly tensile
strain ∆ε < 0 can be realized if HgTe is epitaxially grown on a substrate with smaller
lattice constant. For tensile strain, the LH band edge is smaller than the HH band edge.
In this case, the analysis of the inversion-symmetric Kane model Hamiltonian yields the
presence of two four-time degenerate band crossing points at finite ±kz and kx = ky = 0.
The presence of these degeneracy points, in turns, defines a Dirac semimetal phase [100]:
the bands disperse linearly in all direction away from the band crossing points. Tak-
ing into account the broken bulk inversion symmetry each Dirac point splits into two
Weyl nodes: materials with a zincblende crystal structure cannot host indeed a Dirac
semimetal [101]. Weyl nodes come in pairs and carry opposite topological charge like two
magnetic monopoles [102]. In addition, if the Weyl nodes reside exactly at the Fermi level
of a system, the Weyl semimetal metals is referred to as ideal. Ruan et. al [103] have
shown that under a broad range of in-plane compressive strain (tensile uniaxial strain)
HgTe realizes precisely this phase.
For compressive strain instead HgTe realize a strong three-dimensional TI phase [37]. We
emphasize that we can identify different surfaces of strained HgTe (see Fig. 6.6). We dub
the surface orthogonal to the uniaxial strain direction as main surface. Surfaces, which
are orthogonal to the main surface will be dubbed as side surfaces. The difference between
main and side surfaces is manifested in the qualitatively different behavior of the projected
bulk spectrum as shown in Fig. 6.6 (b), (c).
6.5 Löwdin partioning of the extended Kane model
Before analyzing the 6-band Kane model in full glory, we show that the presence of Γ6 band
is essential not only to capture the topology of strained HgTe but also for the appearance
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of surface states. We start with an effective 4× 4 Hamiltonian for the HH and LH bands
describing strained HgTe. To do so, we have to integrate out all the other bands of the
8 × 8 Kane model, and derive an effective 4 × 4 k ·p Hamiltonian. This procedure is
known as Löwdin partioning [61] or quasi-degenerate perturbation theory – an idea already
incorporated in the k ·p expansion.
Assuming we treat kx, ky, kz and ∆ε as small perturbations, the HH and LH (set A) are
degenerate at the BZ center. The other states (set B) show a large energy separation with
respect to these bands. If we start a perturbative expansion for the LH and HH bands,
the new effective Hamiltonian Ĥ ′Γ8 for the bands a, b ∈ A is obtained from
〈a|Ĥ ′Γ8(k)|b〉 = 〈a|Ĥ(k)|b〉+
∑
i,j
kikj
∑
c∈B
〈a|Ĥi|c〉 〈c|Ĥj|b〉
( 1
Ea − Ec
+ 1
Eb − Ec
)
(6.42)
up to the second order in momentum. In the equation above, Ea = 〈a|Ĥ(0)|a〉 are the
energies at Γ of the 8 × 8 Kane Hamiltonian Ĥ(k) and Ĥi are the linear terms of the
Hamiltonian along ki. This perturbative expansion yields an Hamiltonian known as Lut-
tinger model, which is characterized by Luttinger parameters renormalized by the Γ6 and
the split-off spin-orbit bands. The renormalization of the Luttinger parameters reads
γ′1 = γ1 −
P 2
3B(E(Γ8)− E(Γ6))
− C
2
k
4B(E(Γ8)− E(Γ7))
,
γ′2 = γ2 −
P 2
6B(E(Γ8)− E(Γ6))
+ C
2
k
8B(E(Γ8)− E(Γ7))
and (6.43)
γ′3 = γ3 −
P 2
6B(E(Γ8)− E(Γ6))
− C
2
k
8B(E(Γ8)− E(Γ7))
,
where E(Γi) are the energies of the bands Γi at Γ, γi the parameters of the 8×8 Hamiltonian
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and P,Ck are the linear order terms in the Kane model. Ck is the first order correction
due to BIA. The functional form of the Luttinger model for a material with an inversion
asymmetric crystal structure, such as the zincblende crystal structure, is given by
Ĥ ′Γ8(k) =−B
(
γ′1 +
2
3γ
′
2J
2
)
k2 − 2Bγ′2J2i k2i − 2Bγ′3 ({Jx, Jy}kxky + c.p.)
+ 1√
3
Ck
[
{Jx, J2y − J2z }kx + c.p.
]
−∆ε(J2z −
1
3J
2), (6.44)
where c.p. denotes the cyclic permutation of the terms. Let us now investigate on whether
this model predicts the presence of topological surface states at the surface BZ center of
the main surface. We thus set k2‖ = k2x + k2y = 0 thereby obtaining the Hamiltonian
Ĥ ′Γ8(kz, 0, 0) '

U + V −∆ε 0 Ckkz 0
0 U − V + ∆ε 0 −Ckkz
Ckkz 0 U − V + ∆ε 0
0 −Ckkz 0 U + V −∆ε

A
, (6.45)
with U = −Bγ′1k2z and V = 2Bγ′2k2z . Using the unitary transformation
UAB =

1 0 0 0
0 0 0 1
0 1 0 0
0 0 1 0

B
, (6.46)
from the original A basis to a new B basis, the Hamiltonian can be brought in a block
structure and is equivalent to a BHZ model. Using the ansatz for the wavefunction
Φ↑ →
 Ψ+
0

B
expλz and Φ↓ →
 0
Ψ−

B
expλz (6.47)
in the B basis, we can solve the effective Schrödinger equation for the two independent
blocks using fixed boundary conditions. This can be achieved using the same technique
encountered earlier in this thesis. We find the energy of the surface Kramer’s double – the
Dirac point (DP) – and the inverse of the decay length of the surface states determined by
EDP = −
γ′1
2γ′2
∆ε, (λ1 + λ2)2 =
C2k
B2(4γ′22 − γ′21 )
> 0 and λ1λ2 =
∆ε
2Bγ′2
> 0. (6.48)
With these equations one can investigate the conditions for the existence of the DP of the
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surface states. They are given by: |γ′1| < 2|γ′2| and ∆εγ′2 > 0. If these conditions are
satisfied, then the two λ’s can be written as
λ1/2 = −
1
2
√√√√ C2k
B2(4γ′22 − γ′21 )
±
√√√√ C2k
4B2(4γ′22 − γ′21 )
− ∆ε2Bγ′2
(6.49)
and the wavefunction of the surface states for each block is
Ψ±(z) ∝
 ±sign(Ckγ
′
2)i
√
1 + γ
′
1
2γ′2√
1− γ
′
1
2γ′2
[eλ1z − eλ2z] . (6.50)
The topological nature of these surface states can be shown at k‖ 6= 0 by demonstrating
the spin-momentum locking of the surface states. We start by writing the total angular
momentum operators
Ĵx ' σx ⊗
 0 √32√
3
2 1

B
, Ĵy ' σy ⊗
 0 √32√
3
2 −1

B
and Ĵz ' σz ⊗
 32 0
0 −12

B
(6.51)
in the B basis. This allows us to investigate the angular momentum decomposition of the
surface states. The expectation values of the total angular momentum of the DP are given
by
∫ ∞
0
dz Φ†a
Ĵx ± Ĵy√
2
Φb = C±
(σx ∓ σy)ab
2
√
2
and
∫ ∞
0
dz Φ†aĴzΦb = Cz
(σz)ab
2 , (6.52)
with coefficients
C± =
γ′1
2γ′2
− 1±
√
3sign(Ckγ′2)
√√√√1− γ′214γ′22 and Cz =
γ′1 + γ′2
γ′2
. (6.53)
Away from the DP, the surface state dispersion can be calculated using perturbation theory.
We have
∆Ĥ ′Γ8(k) =
1√
3
Ck
[
{Jx, J2y − J2z }kx + {Jy, J2z − J2x}ky
]
. (6.54)
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As a result, we then get a spin-momentum locked dispersion reading
∆Heff = v1Fk1σ1 + v2Fk2σ2 with v
1/2
F = −
Ck
2
√3∓ sign(Ckγ′2)
√√√√1− γ′214γ′22
 , (6.55)
where k1,2 = (kx ± ky)/
√
2 and σ1,2 = (σx ± σy)/
√
2. This corresponds to an anisotropic
Dirac cone along the diagonal directions of the surface BZ where v1/2F represent the non-
equivalent Fermi velocities.
Nevertheless, by using realistic parameters of strained HgTe (ε > 0) it turns out that
the renormalized Luttinger parameters fulfill |γ′1| < 2|γ′2| and γ′2 < 0. This point is in
contradiction with the condition that the product of strain and the Luttinger parameter
γ′2 has to be positive. The DP only exists in the regime ∆ε < 0 for HgTe, which is in the
Weyl semimetal phase [103].
The question that arises is whether the effective theory predicts the presence of topological
surface states in the strong TI phase even if there is not any surface Kramer’s doublet. We
have therefore solved the Schrödinger equation for kx 6= 0 and ky = 0 without employing
perturbation theory. The solution for the inverse decay lengths for Ck = γ′1 = 0 and
γ′2 = γ′3 < 0 reads
λ21λ
2
2 = k4x +
∆εk2x
2γ′2
+ ∆ε
2
4γ′22
and λ1λ2 =
∆ε
2Bγ′2
+ k
2
x
2 . (6.56)
These two equations cannot be concomitantly satisfied for all kx which therefore implies
the global absence of topological surface states. The reason for this behavior is quite
clear: the Luttinger model does not describe the topological properties originating from
the inverted band ordering of the Γ6 and Γ8 bands.
To obtain topological surface states in the strong TI phase within a 4×4 Hamiltonian, one
has to introduce a model accounting for the Γ6 and the LH bands. Löwdin partitioning is
not an option since in the unstrained ∆ε→ 0 limit the HH and LH bands are degenerate,
and renormalization would lead to divergences. Nevertheless, we can assume that the strain
is so large that the HH bands are pushed below the Γ6 bands. Ignoring renormalization
effects of the Luttinger parameters the resulting model can be explicitly written as
Ĥ(k) '

T 0
√
2
3Pkz + χ+
P√
6k− + ξ+
0 T − P√6k+ + ξ−
√
2
3Pkz + χ−√
2
3Pkz − χ− −
P√
6k− + ξ+ U − V
√
3
2 Ckk+
P√
6k+ + ξ−
√
2
3Pkz − χ+
√
3
2 Ckk− U − V
 , (6.57)
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where T = E0 + Bγ0k2, U − V = −Bγ1k2 + Bγ2(k2x + k2y − 2k2z), ξ± = B+8 /
√
6k±kz and
χ± = (iB+8 kxky ±B−8 (k2x − k2y))/
√
6 in the basis {Γ6, |3/2,±1/2〉}. We first check whether
this Hamiltonian is one-point compactified. The projector of the highest band pair (+) at
Γ is given by
P
↑/↓
+ (Γ) = |3/2,±1/2〉 〈3/2,±1/2| , (6.58)
where ↑ / ↓ describe the two TR partners. At ∞ we find instead a non well-defined
behavior. This can be seen if one considers the projector in the z direction
P
↑/↓
+ ((0, 0,∞)) = |1/2,±1/2〉 〈1/2,±1/2| (6.59)
and compare it with the projector in the x-direction which is a mixture of LH and Γ6
bands. As it stands the model is marginal.
This would in principle forbid us to study the Kane model in the low-energy sector.
Happily, by neglecting the inversion symmetry-breaking parameters B±8 , we get a TR
invariant and spherical model for HgTe. The Hamiltonian is a BHZ-like model but in
3d, and thus shows topological surface states connecting the valence and the conduc-
tion bands with a Dirac cone dispersion. The two DP solutions at the energy EDP =
(γ1 + 2γ2)/(γ0 + γ1 + 2γ2)E0 for an edge z > 0 are
Ψ1 ∝

i
√
−B2
0
√
B1
0
 (e
λ1x − eλ2x) and Ψ2 ∝

0
i
√
−B2
0
√
B1
 (e
λ1x − eλ2x), (6.60)
where we introduced new parameters E1 = E0, E2 = 0, B1 = Bγ0, B2 = −B(γ1 + 2γ2)
and P ′ =
√
2/3P , which describe the exponents
λ1/2 = −
P ′
2
√
−B1B2
± 12
√√√√(B1 −B2)(P ′)2 − 4B1B2(E1 − E2)
−B1B2(B1 −B2)
. (6.61)
The Dirac cone Hamiltonian is then
Heff = EDP12×2 −
√
−B1B2
B1 −B2
P ′ (σ1k2 − σ2k1) +
√
3
2
B1
B1 −B2
Ck (σ1k2 + σ2k1) , (6.62)
where σ1/2 = (σx ∓ σy)/
√
2 and k1/2 = (kx ∓ ky)/
√
2. The main effect of the BIA terms is
to create an asymmetry in the Dirac cone. This asymmetry is maximal if Ck reaches the
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value
|Ccritk | =
2√
3
√
−B2
B1
P ′ ≈ 2.3P, (6.63)
where the helicity defined by the product of both Fermi velocities along the diagonals flips
sign. We do not want to discuss this scenario in more detail because in reality this value
will never be reached due to the natural smallness of Ck  P .
Let us come back to a more realistic picture where the parameter Ck and the strain is
small. In this case, we have to take the HH into account. A large portion of the gap
between E(Γ6) = E0 and E(LH) = 0 is filled with HH bulk states. This in turn shows
that we have to study the full 6 × 6 model of Γ6 and Γ8 for the correct Hamiltonian of
strained HgTe.
We first ask ourselves whether our continuum model is topologically well-defined. Starting
with the inversion symmetric case we find that the projector of the highest bands fulfills
the condition
P
↑/↓
+ (Γ) = |3/2,±1/2〉 〈3/2,±1/2| and P
↑/↓
+ (∞) = |1/2,±1/2〉 〈1/2,±1/2| . (6.64)
Comparing both TRIM points Γ and ∞ we find that the highest band show a parity flip
which indicates that we have a strong TI phase. In the realistic inversion-symmetry broken
case the situation changes and the model turns out to be marginal. As before, the theory
however can be one-point compactified if we ignore the quadratic BIA terms parametrized
by B±8 .
6.6 Mirror Chern numbers of HgTe
Uniaxially strained HgTe is not only a strong TI, but also a Mirror Chern insulator [104].
To analyze in detail the 6 × 6 Hamiltonian, we will make use of these weak topological
invariants – the mirror Chern numbers (MCNs) – which are topologically protected by
crystallographic mirror symmetries.
To understand the real nature behind these mirror symmetries we have to study the space
groups [105] of HgTe. The elements of a space group can be represented with the Seitz
symbols {R|t} describing the combination of a point group element R with the translation
vector t.
Assuming we neglect the BIA of the zincblende crystal structure of HgTe, the symmetry
group of the crystal in the absence of strain is the group # 227 (Fd− 3m), whereas in the
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real zincblende structure, the group is # 216 (F − 43m). The space group # 216 of HgTe
contains 6 mirror planes, which are the diagonal planes represented by
{m[110]|0}, {m[1̄10]|0} and c.p.. (6.65)
In addition there are 3 glide-operations for each of these 6 mirror planes. For a diamond
crystal (# 227) the space group contains all mirror and glide planes of # 216 plus 16
additional glide plane operations
{ma|t}, where a = {[100] + c.p.} and t = {(1/4, 1/4, 1/4), (1/4, 3/4, 3/4) + c.p.}. (6.66)
The mirror symmetries found in the space group analysis correspond directly to symmetries
in the k ·p Hamiltonian. This also holds for the glide operations. In Ref. [105] (Tab. C.6) it
is shown that the space groups (# 227 and # 216) lead respectively to the point groups Oh
(diamond) and Td (zincblende) at the low-energy expansion point Γ. The k ·p expansion
at the Γ point for a diamond crystal is invariant under the 48 operations of the point
group Oh, which correspond to the 24 operators of the point group Td plus additional 24
operators which act like a mirror symmetry [106]. Glide operations are indeed isomorphic
to mirror symmetries in the k ·p theory.
Straining HgTe along [001] changes the space group from the non-symmorphic #216 to a
symmorphic group #111 (P − 42m) [107]. All operations can be written as [108]
{1|0}, {−4+[001]|0}, {−4−[001]|0}, {2[001]|0}, {2[010]|0}, {2[100]|0}, {m[110]|0}, {m[11̄0]|0}, (6.67)
where the nomenclature for the R-part is the following: m is a reflection, 1 is the identity,
−1 the inversion, the numbers 2, 3, 4, 6 are used for rotations, −3, −4, −6 are the
rotoinversions, and the superscript ± indicates the sense of the rotation.
This shows us that taking into account the broken inversion symmetry of HgTe only two
mirrors planes ([110] and [11̄0]) are preserved in presence of uniaxial strain. However, by
neglecting the BIA the k ·p Hamiltonian has three additional isomorphic mirror symme-
tries Mx,y,z with respect to the [100], [010] and [001] planes. For the further discussion we
want to drop the word isomorphic and say simply that strained HgTe described by the k ·p
Hamiltonian has 5 mirror planes assuming the point group Oh and 2 mirror symmetries
considering the Td point group at the Γ point.
We want to remark that the whole analysis can be also done for the strain directions [100]
and [010] . They are equivalent by applying a ±120◦ rotation around [111] direction
With this understanding, we can start to study the inversion-symmetric 6×6 Hamiltonian
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in the axial approximation γ̄ = γ2 = γ3. All definitions of the mirror operators are
reported in appendix D. As mentioned above, the presence of an uniaxial strain reduces the
number of mirror planes but preserves the mirror symmetry with respect to the [100], [010],
and [001] planes. Since the Kane model Hamiltonian commutes with the corresponding
mirror symmetry operations at the three planes kx,y,z = 0, all eigenstates can be classified
according to their ±i mirror parity. Let us consider for example the Mz mirror symmetry
whose operator reads
Mz = idiag(+1,−1,+1,−1,+1,−1,−1,+1). (6.68)
The Kane Hamiltonian can be written for kz = 0 in the block form
H(kx, ky, 0) =
 H+i 0
· H−i
 . (6.69)
We can then study the topological properties at kz = 0 in each mirror channel considering
a uniaxial strain along the [001] direction, or along the [100] or [010] directions. This leads
to two different Hamiltonians
H[001]+i =

T − P√2k+
P√
6k−
. U + V −∆ε
√
3Bγ̄k2−
. . U − V + ∆ε
 (6.70)
for strain along [001] and
H[100]/[010]+i =

T − P√2k+
P√
6k−
. U + V + ∆ε2
√
3Bγ̄k2− ∓
√
3
2 ∆ε
. . U − V − ∆ε2
 (6.71)
for strain along [100]/[010]. As usual, we introduced T = E0 +Bγ0(k2x + k2y) and U ± V =
−B(γ1 ± γ̄)(k2x + k2y). All information are encoded in those two simple models which are
much easier to study than the full 6 × 6 Hamiltonian. The big advantage of considering
the mirror planes is that we can define a new topological invariant. For each block we
can introduce a Chern number ν±i. Due to TR symmetry the sum of the Chern numbers
of both mirror blocks ν±i has to vanish. Nevertheless, we can define a Mirror Chern
number (MCN) [104] similar to the Spin Chern number for quantum spin-Hall insulators
as the difference of both blocks
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νM ≡
ν+i − ν−i
2 = ν+i, (6.72)
which represents a new weak topological invariant. Following Ref. [109] and Ref. [110], our
3 × 3 Hamiltonians and the projectors for each band can be represented with the help of
a SU(3) matrices as shown in the appendix A. These expressions allow us to study the
MCNs in terms of quantities from the 3× 3 mirror block of the Kane model Hamiltonian.
We find that at the kz = 0 mirror plane, the MCN ν+i = −1 for strain along [001] direction,
while for strain along [100] and [010] the invariant ν+i = +1.
Let us compare these MCNs with those appearing in the closely related material meta-
cinnabar. Since β-HgS has an inverted level order at the Γ point [111], its Z2 invariant is
nontrivial. The band inversion comes from the split-off spin-orbit s-orbiral bands (Γ7) and
the s-band (Γ6) which is far below the Fermi level. The p-orbtials valence bands (Γ8) do not
participate in the level crossing and act as “parasitic” bands in this material. By neglecting
the Γ8 bands, we can easily calculate the MCN by using the effective Hamiltonian for the
Γ6 and Γ7 bands. Going into the mirror planes by setting e.g. kz = 0 we get a block
structure of the Hamiltonian with
H+i =
 E0 +Bγ0k2‖ − 1√3Pk−
. −∆0 −Bγ1k2‖
 , (6.73)
where k2‖ = k2x + k2y, P > 0 and γ0,1 > 0. We find a MCN ν+i = −1 for ∆0 + E0 < 0. Our
results are in agreement with Ref. [112] which states that strained HgTe and β-HgS can
have opposite MCNs.
The MCNs at the [100], [010] and [001] planes allow us to define pseudospin textures [104,
113] of the topological surface states in mercury chalcogenides. At the [001] surface, for
instance, the projection of the unbroken mirror planes [100], [010] define two mirror invari-
ant lines where the surface states can be classified according to their mirror eigenvalues.
Using that the mirror operators can be brought in the formMi = −iµi with Pauli matrices
µi, the effective two-dimensional Hamiltonian of the surface states can be then written as
Heff = EDP12×2 + vxFµykx − v
y
Fµxky, (6.74)
where the degeneracy at the surface BZ center is guaranteed by TR symmetry. The
MCNs determine the sign of the Fermi velocities, i.e. sign(vx/y) = νMy/x . The convention
is discussed in appendix B. The topological surface states can be then characterized by
pseudospin textures which are directly related to the MCNs and realize a vortex structure
in momentum space. Hence they can be characterized topologically by the winding number
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Figure 6.7: The topologically distinct pseudospin textures.
(the topological charge of the vortex) of the planar unit pseudospin. Writing the surface
state Hamiltonian in the form Heff = hx(kx, ky)σx + hy(kx, ky)σy, the winding number is
defined as
w = 12π
∮
C
dk · ∇=(nx + iny) with (nx, ny) = (hx, hy)/
√
h2x + h2y, (6.75)
where C is a closed loop in momentum space encircling the essential degeneracy point.
The two winding numbers w = ±1, corresponding to the pseudospin textures shown in
Fig. 6.7, are equally compatible and the specific value is directly determined by the value
of the MCNs. We remark that at opposite surfaces the sign of both two Fermi velocities
are flipped. This changes the helicity of the pseudospin texture but still preserves the
pseudospin texture winding number w = sign(vxF × v
y
F ).
The pseudospin textures of the topological surface states have a close relation to the
physical spin textures. At the surface mirror invariant lines the spin, and the total angular
momentum of topological surface states have to be either parallel or anti-parallel to the
pseudospin. For SmB6, the physical spin was found to be always parallel to the pseudospin,
and thus the knowledge of the MCNs provides a robust classification of the topological
surface state spin [113]. However, for HgTe the angular momentum, as well as the spin
operators of the Γ6,8 bands have both positive and negative eigenvalues, and thus the
relation between the pseudospin and the physical spin depends on the orbital composition
of the surface states.
Before analyzing the results for the (pseudo)spin textures realized in strained HgTe, we
emphasize that the broken inversion symmetry of the zincblende crystal structure can lead
to a more complicated form of the effective two-dimensional Hamiltonian for the surface
states. This occurs at the side surfaces of strained HgTe where the system possesses only
TR symmetry and a twofold rotation symmetry: {2[100]|0}, {2[010]|0} and {2[001]|0}. We
have performed a two-dimensional k ·p analysis from which the functional form of the
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topological surface states can be derived to be
H
(001)
eff = EDP12×2 + ṽxFσy(kx + αky)− ṽ
y
Fσx(βkx + ky). (6.76)
Here we have considered the total angular momentum Jz = ±1/2 as a natural basis for
the surface Kramer doublet sitting at the surface BZ center [114], and used that the form
of the Hamiltonian must be invariant under the twofold rotational symmetry operator as
C
[001]
2 = −iσz and the TR symmetry operator as T = iσyK. From the equation above, we
see that the parameters α and β allow for a distortion of the spin textures with respect
to those encountered in presence of mirror symmetries, but still yield a completely planar
structure that can be topologically characterized by the physical spin winding number w.
6.7 Inversion symmetric results
We first start to present the results for the (pseudo)spin textures by neglecting the broken
inversion symmetry of the zincblende crystal structure. The computation of the MCNs
leads to the pseudospin textures shown in Fig. 6.8(a). Without loss of generality, we chose
the uniaxial strain along the x̂ direction. At the main [100] surface, the pseudospin texture
exhibits an helical structure with a left-handed helicity for the surface state conduction
band, and a right-handed one for the valence band, in perfect agreement with density
functional theory studies [112, 100]. At the side surfaces ([010] and [001]) the different
values of the two mirror Chern numbers for the mirror invariant planes yields a pseudospin
texture with an opposite winding number w = −1.
To derive the physical spin textures we proceed as follows: we first establish the electronic
characteristic of the surface Kramer’s doublet at the main and side surfaces by solving
the k ·p model at the surface BZ center in the half-infinite space x, y, z > 0 respectively
and then make use of first order perturbation at different momenta. The general method
is outlined in Ref. [94]. The k ·p parameters are based on the T = 0 band structure of
pristine HgTe [47] and are listed in appendix C.
The results for the electronic characteristic of the DP at the side and the main surfaces
are presented in Fig. 6.9. Panel (a) shows the behavior of the surface DP energy EDP as a
function of the uniaxial strain magnitude ∆ε along x. At the main surface, the Kramer’s
doublet is buried within the HH valence band, while on the two other side surfaces it resides
in the indirect bulk gap of the system. This termination dependence is also reflected in the
behavior of the decay length of the surface states shown in Fig. 6.9 (b). The side surfaces
are characterized by a diverging decay length in the ∆ε → 0 limit, which implies that
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Figure 6.8: (a) Pseudospin textures for the Dirac cone of HgTe in presence of an
uniaxial strain along the (100) direction at the (100), (010) and (001)
crystal planes (from left to right). (b) Physical spin textures for strain
smaller than the critical one ∆ε < εc. For larger strain the physical
spin textures corresponds to the pseudospin ones. Red indicates the main
surface while blue represents the side surface patterns. The black circle
marks the spin configuration which flips sign.
these surface states penetrate more deeply into the bulk as compared to the main surface.
This different behavior can be attributed to the different nature of the wavefunction at the
surface BZ center. At the main surface, the surface state Dirac wavefunction is all made
of LH and Γ6 states. An uniaxial strain along the x̂ direction preserves the axial rotation
symmetry in the plane and the total angular momentum Jx is a good quantum number [71,
94]. This implies the absence of any mixing between the HH states (|3/2, Jx = ±3/2〉) and
the LH (|3/2, Jx = ±1/2〉). This is verified in the effective Hamiltonian (6.71), which can
be written as
H[100]+i (ky = 0) '

E0 +Bγ0k2x
√
2
3Pkx 0
. −B(γ1 + 2γ̄)k2x + ∆ε 0
. . −B(γ1 − 2γ̄)k2x −∆ε
 (6.77)
in the basis |1/2, Jx = +1/2〉 (Γ6), |3/2, Jx = +1/2〉 (LH) and |3/2, Jx = +3/2〉 (HH). At
these surfaces the HH bands play the role of a parasitic band [94] and the surface Kramer’s
doublet results from the reduced model describing an artificial LH-Γ6 TI. The DP energy
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Figure 6.9: Behavior of the surface DP (a) and its decay length (b) in strained HgTe
along [100] as a function of the strain magnitude ∆ε > 0 at the (100),(010),
and (001) surfaces (red lines). The gray lines correspond to the conduction,
valence and the Γ6 band edge. At the (100) surface, the surface DP is
buried within the HH valence band but resides in the bandgap of the
LH-Γ6 TI bulk.
in Fig. 6.9 at this surface is thus given by
EDP =
E0(γ1 + 2γ2) + γ0∆ε
γ0 + γ1 + 2γ2
. (6.78)
This does not hold true at the side surfaces where the uniaxial strain breaks the in-plane
rotation symmetry, thereby leading to an effective hybridization between the LH and the
HH states. The surface Dirac wavefunction becoming a superposition of Γ6,8 bands is then
pushed out of the HH bulk bandwidth [115] and remerges in the full bandgap of the system,
in agreement with the features encountered in the Fano model [116].
Before studying the spin textures, let us analyze the Fermi velocities of the surface Dirac
cones. In Fig. 6.10 (a) we show the behavior of the magnitude of the Fermi velocities |viF | as
a function of the strain magnitude ∆ε. We find that for the Dirac cone at the main surface,
the two Fermi velocities vy/zF have equal magnitudes. Therefore, the topological surface
states display a global U(1) rotational symmetry similarly to the case of, for instance,
Bi2Se3 [114]. The expression for the Fermi velocity is given by
v
y/z
F =
1
2
√
2
3P
√√√√1− (γ0 − (γ1 + 2γ̄))2(γ0 + (γ1 + 2γ̄))2 . (6.79)
The two-dimensional k ·p analysis of Ref. [94] explicitly shows that this is an immediate
consequence of the fourfold rotational symmetry along the x̂ axis. At the side surfaces
the strain lowers the surface point group symmetry from C4v to C2v. This explains the
103
6.7 Inversion symmetric results 6 HgTe in 2D and 3D
0.1 0.2 0.3 0.40 0.5
|v
F|
/P
0.1
0
0.2
0.3
0.4
vF
z,y (010),(001)
vF
x  (010),(001)
vF
z,y  (100)
Δε/(2|E0|)
0.1 0.2 0.3 0.40 0.5
0
0.1
0.2
0.3
0.47
0.49
|<
S>
|
<Sy,z> (010),(001)
<Sx>  (010),(001)
<Sy,z>  (100)
Δε/(2|E0|)
(a) (b)
Figure 6.10: Behavior of the magnitudes of the Fermi velocities |vF | (a) and its spin
composition (b) in the topological surface states of strained HgTe as a
function of the strain magnitude ∆ε along x. The Dirac cone at the side
surfaces ((010) and (001)) exhibit an anisotropic behavior in the Fermi
velocity and spin composition since the uniaxial strain lower the point
group symmetry.
anisotropy seen in Fig. 6.10 (a).
We find that a similar anisotropy appears also by evaluating the spin operator eigenvalues
along the mirror invariant lines at the side surfaces plotted in Fig. 6.10 (b). It then
follows that the physical spin is always parallel to the pseudospin except at the kz = 0 and
ky = 0 mirror invariant lines for the side surfaces (010) and (001) respectively. At these
mirror invariant lines, the physical spin is antiparallel to the pseudospin below a critical
strain magnitude εc, and parallel for large enough strain. This implies that contrary to the
pseudospin textures at the (010) and (001) surface terminations characterized by a w = −1
winding number independent of the strain magnitude, the physical spin textures exhibit a
right-handed w = 1 helical structure for small strain. This is shown in Fig. 6.10 (b). The
spin textures are only equal to the pseudospin textures for a large enough strain value.
To gain more insight into this spin texture topological phase transition, we computed the
orbital resolved projected spin eigenvalue
〈S〉 = 〈SΓ6〉+ 〈SLH〉+ 〈SHH〉 (6.80)
of the topological surface states along the mirror invariant lines ky,z = 0 for the (001)
and (010) surface terminations respectively. The ensuing behavior as a function of the
strain magnitude is shown in Fig. 6.11 For small strain, the helical edge states has a
predominant LH orbital character, which implies that the physical spin is anti-parallel to
the pseudospin. By continuously increasing the strain magnitude, the surface states starts
to acquire a sizeable Γ6 and HH character which ultimately reverse the spin direction to
104
6 HgTe in 2D and 3D 6.7 Inversion symmetric results
0.1 0.2 0.3 0.40 0.5
-0.1
0
0.2
0.1
<SLH
<SΓ6
<SHH>
>
>
<Stotal >
0.1 0.2 0.3 0.40 0.5
-0.15
|<
S>
|
-0.10
-0.05
0.00
0.10
0.05
0.15
<SLH
<SΓ6
<SHH>
>
>
<Stotal >
(a) (b)
|<
S>
|
Δε/(2|E0|) Δε/(2|E0|)
Figure 6.11: Orbital resolved (grey lines) and total spin (black line) of the Dirac cone
for the (010) [(001)] plane at the mirror invariant line kz = 0 [ky = 0]
(a) and kx = 0 (b). For small strain, the physical spin plotted in (a)
is antiparallel to the pseudospin, while for large strain they are parallel.
Along the other direction (b) we find no spin-flip.
be parallel to the pseudospin.
To understand how the spin texture reverses its winding number, we show the schematic
spin structure of the Dirac cone close to the critical strain in Fig. 6.12 for the conduction
band (E > EDP ). At the critical strain value εc, the spin expectation value vanishes at
two TR related momenta on the ky = 0 line for the (001) plane and the kz = 0 line for
the (010) plane. For all other momenta, the spin expectation values are one-dimensional.
This makes the reversal of the spin textures winding possible (cf. Fig. 6.8 (b)).
εc
|S|
strain
Figure 6.12: Schematic unit planar spin textures of the Dirac cone close to the criti-
cal strain εc for all in-plane momenta where we ignore the ellipticity of
the Dirac cone dispersion of the conduction band. The radial difference
between the blue and the orange line is a measure for the absolute value
of the spin. The red-marked spins are the spins which flip sign.
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Figure 6.13: Spin values of the side surface Dirac cone for two BIA parameters Ck/P =
±0.01 (thick lines) for ky = 0, kx < 0 (a,b), and kx = 0, ky < 0 (c,d).
The dashed lines correspond to the inversion-symmetric solution. At (e)
and (f) we explicitly calculated the winding number and show in the inset
the corresponding real spin pattern.
6.8 Robust spin-flip transition at the side surfaces
The characteristics of the surface states at the side surfaces are not endangered by small
perturbations destroying the mirror symmetries. We explicitly show this by taking into
account the bulk inversion asymmetry (BIA) of the real zincblende crystal structure. This
reduces the point group symmetry to the tetrahedral group Td and the mirror Chern
numbers at the side surfaces are not well-defined. This also means that the spin textures
of the surface states cannot be directly inferred from the mirror Chern number discussed
above. We have additional linear terms in kx/y going with the elementary parameter Ck
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(a) (b) (c)
Figure 6.14: Unit planar spin textures equivalent to Fig. 6.12 with Ck/P = 0.01 for
∆ε < εc(Ck) (a), ∆ε = εc(Ck) (b) and ∆ε > εc(Ck) (c).
of the Kane model mixing both mirror channels.
The spin textures can be still topologically characterized by their winding number since
yet they realize a planar vortex structure in momentum space as we explained above.
Although the symmetry argument allows a distortion of the spin textures the corresponding
topological phase transition is not endangered.
We can solve the Kane model Hamiltonian with the linear BIA terms in the half-infinite
space z > 0 for strain along x. The eigenstates along kx/y > 0 for ky/x = 0 corresponding
to the eigenvalues with positive slope are a mixture of both mirror blocks.
Our results are represented in Fig. 6.13. It shows the spin components of the topological
surface states at the kx/y = 0 lines as a function of the strain magnitude at two representa-
tive values of the BIA parameter Ck. The spin expectation value ceases to be orthogonal
to these lines acquiring a finite component parallel to them. However, as found earlier,
only one predominant spin component drives the phase transition and switches the sign
of the winding number at a critical strain εc(Ck). The spin expectation value vanishes at
two TR related momenta which are now slightly shifted from ky = 0 and kz = 0 respec-
tively. Fig. 6.14 shows the evolution of the spin textures close to the critical strain value,
which is very similar to the one encountered in the absence of inversion symmetry breaking
perturbations (cf. Fig. 6.12).
The winding number of the spin textures is unaltered if we add a small perturbation given
by the linear BIA term. This allows us still to distinguish two different phases of the strong
TI phase at the side surfaces for different strain values. One phase is characterized by the
topological invariant w = +1 and the other one by w = −1. We have therefore verified
that the occurrence of the spin winding number flip is a generic feature independent of the
BIA parameter value. The corresponding phase diagram is shown in Fig. 6.15.
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Figure 6.15: Phase diagram of the side surface physics for finite BIA parameter Ck.
The non-trivial insulating phase can be distinguished into two different
topological phases coming from the Dirac cone spin texture.
6.9 Crucial boundary dependence on the main surface
We now show that the electronic characteristics of the topological surface states at the
main surfaces are more susceptible to inversion-symmetry breaking perturbations. This is
due to the fact that, as we have shown previously, the DP is embedded in the bulk of the
HH band but still completely decoupled if inversion symmetry is preserved. Allowing for
the BIA terms in the k ·p theory, the DP is no longer decoupled from the HH band, and
opens an effective hybridization channel between the surface states and the bulk states.
For enough small hybridization, we could expect that the original DP leads to a residual
surface/ghost resonance [115] in the bulk states, similarly to the Fano model [116]. Alter-
natively, there could be a catapult-like effect: the hybridization of the buried topological
surface states with the parasitic bulk bands leads to the tendency of the surface states to
be pushed away from overlapping in energy and momentum with the bulk states.
To discriminate between these two mechanisms, we divide the Kane Hamiltonian in two
TR channels at kx = ky = 0 assuming a uniaxial strain along the z direction. We can then
bring the Hamiltonian in the block form
H(kx = 0, ky = 0, kz → −i∂z) '
 H+(−i∂z) 0
· H−(−i∂z),
 (6.81)
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with
H+(kz) =

E0 +Bγ0k2z
√
2
3Pkz 0
. ∆ε−B(γ1 + 2γ̄2)k2z −Ckkz
. . −∆ε−B(γ1 − 2γ̄2)k2z
 . (6.82)
Studying the k ·p Hamiltonian of Eq. (6.82) for the half-line z > 0 with the techniques used
many times before in the thesis, we find the absence of a localized surface states for small
strain as long as we take into account fixed boundary conditions (FBC). A surface Kramer’s
doublet only appears at an enough large value of strain above which the contribution of
the bulk HH bands is nearly negligible. The critical strain at which surface states appear
is given in terms of Luttinger parameters by
∆εcrit(Ck) ≈
(γ1 − 2γ̄)(γ1 + 2γ̄)|E0| − γ0C2k
(γ1 − 2γ̄) (2γ0 + γ1 + 2γ̄)
. (6.83)
The critical strain value at which the surface Kramer’s doublet appears is marked with a
black dot in Fig. 6.16 (b). We can interpret this point as a phase transition point separating
the parameter space region where the topological surface states possess a DP from a region
where the DP of the surface states is absent. In Fig. 6.16 (c) we also show the inverse decay
length l−1c characterizing the exponential behavior of the DP as an indicator for the critical
behavior of the system. Going from high strain to the low strain limit the decay length
is diverging using FBC. This analysis shows that there can exist TI materials where the
topological surface states do not have a surface DP. We emphasize that this feature is not
in contradiction with the non-trivial Z2 topological invariant of the system: the non-trivial
topology of a three-dimensional topological insulator implies the presence of surface states
connecting valence to conduction bands, and does not predict the existence of a surface
Kramers doublet.
We proceed further and use another boundary condition (BC). For the checkerboard and
the BHZ model we showed that the choice of the two most common BCs had no effect on
the existence of surface states. We now check whether we find a similar behavior for the
Kane model of strained HgTe changing the BC. Surprisingly, assuming natural boundary
condition (NBC) we find a DP solution in the bulk band gap independent of the strain
magnitude ∆ε > 0. Using NBC, the DP energy has a discontinuity switching on the
inversion-symmetry breaking parameter Ck: for every finite value of it, the DP jumps out
of the bulk states (HH) (see Fig. 6.16 (c)). The energy distance between the HH band edge
and DP energy increases with the hybridization parameter. Henceforth the DP is located
very close to the HH band edge for realistic values of Ck but never touches it. This is also
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Figure 6.16: The DP is plotted over the strain with FBC (b) and NBC (d) for different
values of artificially large Ck. The plotted band edges of the LH, HH and
Γ6 are the one at the BZ center because they are the one which determine
the existence of those edge states. In the plots (c) and (e) we show the
corresponding decay lengths. The red box shows the chosen parameters
set. Panel (a) shows the main surface and the DP.
demonstrated by the fact that the decay length is always finite, independent of the strain
magnitude and the actual value of Ck (see Fig. 6.16 (d)).
The behavior in the high strain limit is however equal for both BCs. If we increase the
strain the solutions with NBC and FBC merge together and collapse onto the DP energy
found in the system with bulk inversion symmetry. In conclusion we can state that there
is a fundamental difference in the two commonly used BCs.
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In topological states of matter a global invariant of the bulk theory gives a physical response
if one adds to the system a surface or an edge. These surface physical properties can be
well described by local long-wavelength theories, such as a Dirac equation. In other words,
the global topological property of the bulk has a direct counterpart in a local effect at
the boundaries. This dichotomy of local and global properties can be lifted if the bulk
theory itself is not global. This seems to be counterintuitive but we have provided in
this thesis examples where a long-wavelength continuum theory can be topologically well
defined in the bulk and also predict the correct surface properties. In particular, we
showed that although the basis manifold of any generic continuum theory does not allow
for topologically non-trivial mappings – it corresponds to the real momentum space – there
exist loopholes which allows for a proper definition of topological invariants.
We identified two different classes of these topological k ·p Hamiltonians for Chern insu-
lators. In the first class the basis manifold can be made isomorphic to a sphere. With this
one-point compactification, the topological invariants can be defined in the same way as
they are defined on a torus, which is the basis manifold (the Brillouin zone) of a lattice
Hamiltonian. We also defined another class where the basis manifold is isomorphic to a
hemisphere. This is a non-compact manifold with no analog to lattice models. Neverthe-
less, we showed that even in this case one can still obtain the correct topological properties
both in the bulk and on the surfaces. This is a remarkable result showing that the one-
point compact models are not the only ones which play a role in the study of topological
k ·p Hamiltonians. The fundamental difference between spherical Chern insulators and
hemispherical Chern insulators is that for the latter ingap edge states generally occur far
away from the low-energy expansion point.
With this knowledge, we have thereby analyzed the continuum theory of real materials
with non-trivial topological properties and concentrated on HgTe. Using the well-known
k ·p Kane model, we analyzed in this work the surface state properties at the different
surfaces of this material. Using the fact that the low-energy theory has mirror symmetries,
we could identify pseudospin and spin textures of the topological surface states at the
material surfaces. The most important result of our study is that at surfaces with symmetry
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lower than C2v it exists a strain-driven topological phase transition in the surface state spin
textures. In addition, this topological phase transition is stable against inversion symmetry
breaking perturbations. Finally we showed that at the highest symmetry surfaces, the
existence of a surface Kramer doublet depends sensitively on the boundary conditions.
This feature, however, does not contradict the bulk-edge correspondence of strained HgTe.
For future work, it would be interesting to study from this low-energy continuum theory
perspective, other topological states of matter such as topological semimetals.
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A Pauli, Gellmann and Dirac matrices
For a lot of effective models we need an approximate description of internal degrees of
freedom like the spin Ŝ, the sublattice A/B or the total angular momentum Ĵ.
The eigenvectors which can be realized in these N -component Hamiltonians H are related
to each other by an unitary operation V acting like V †HV . The U(1) part of this trans-
formation V defines an equivalence class so that we have to consider the SU(N) only. The
generators of this group can be used to describe the Hamiltonian H and its eigenvectors.
Let us start with the simplest Hamiltonian with one internal degree of freedom: the two-
band Hamiltonian (N = 2). The special unitary group
SU(2) = {exp(−iα ·σ/2)|α ∈ R3}, (A.1)
where σ = (σx, σy, σz) is a vector of three hermitian 2× 2 matrices. These generators are
called Pauli matrices and they can be represented by
σx =
 0 1
1 0
 , σy =
 0 −i
i 0
 and σz =
 1 0
0 −1
 . (A.2)
They can be also written with the letter τ or with Arabic numbers instead of the three
coordinate labels. However these Pauli matrices are quite helpful to describe the 2 × 2
Hamiltonians. The hermitian structure fixes all Hamiltonians to be of the form
H(d0,d) = d0σ0 + d ·σ with d ∈ R3, d0 ∈ R, (A.3)
where σ0 = 12×2. The topological relevant part of the Hamiltonian is simply encoded in the
real vector d. A non-zero vector gives us a possibility to clearly distinguish the two bands
or levels with the energy E± = d0 ±
√
d ·d. One can go even further. The corresponding
projector for each band/level |±〉 is given by P± =
(
12×2 ± d̂ ·σ
)
/2 where d̂ = d/|d| is
normalized. This shows us that the ground state of every insulating 2×2 Hamiltonian can
be represented by a point living on a sphere S2.
If we want to describe three level quantum systems (N = 3) we have to extend this idea
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by going to the Lie group SU(3) where we have to substitute the three generators σi in
Eq. (A.1) by eight matrices λi. A comprehensive analysis of the pattern of geometric
phases arising in those unitary representations of this group is represented in Ref. [109].
The parameter α have to live then in R8. They are the Gell-Mann matrices which can be
written as
λ1 =

0 1 0
1 0 0
0 0 0
 , λ2 =

0 −i 0
i 0 0
0 0 0
 , λ3 =

1 0 0
0 −1 0
0 0 0
 ,
λ4 =

0 0 1
0 0 0
1 0 0
 , λ5 =

0 0 −i
0 0 0
i 0 0
 , (A.4)
λ6 =

0 0 0
0 0 1
0 1 0
 , λ7 =

0 0 0
0 0 −i
0 i 0
 and λ8 =

1√
3 0 0
0 1√3 0
0 0 − 2√3
 .
Every 3× 3 Hamiltonian can be brought therefore in the form (A.3) like in the 2× 2 case
where we substitute σ → λ and define λ0 = 13×3. The vector d is then element of R8.
In the 3 × 3 case it is not easy as in the 2 × 2 case to distinguish insulating and metallic
phases. Following Ref. [110] the projectors for the bands j = 1, 2, 3 are given by
Pj =
1
3(13×3 +
√
3nj ·λ), (A.5)
with the vector
nj =
1
γ2j − 1
(γjd̂ + d̂ ∗ d̂) (A.6)
and the angle
γj = 2 cos
(1
3 arccos(d̂ · d̂ ∗ d̂) +
2π
3 j
)
. (A.7)
The star product a∗b is defined in Ref. [109]. The important property is that the vector nj
fulfills the condition nj ∗ nj = nj restricting the vector of R8 to live in a four-dimensional
orbit of a S7 sphere which corresponds to an element of the complex projective plane CP 2.
This is the difference to the spherical character of the ground state in a two-level quantum
systems.
Last but not least we want to consider the SU(4) treatment which is used to characterize
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time-reversal invariant topological insulators as a minimal model. This is a four level
quantum system. In SU(4) we have 15 generators as 4× 4 matrices. If we use the identity
14×4 and the two sets of Dirac matrices
δ
(1)
i = σ0 ⊗ σi or δ
(2)
i = σi ⊗ σ0, (A.8)
we can build up a new basis of hermitian and traceless generators next to the identity to
describe 4× 4 Hamiltonians with
Γij = δ(2)i δ
(1)
j (A.9)
for i, j = 1, 2, 3. Again only the coefficients in front of the 15 generators are relevant for
topological issues. If we ask how we can define the projector of each band the problem
becomes more complicated, because one has to solve a quartic equation instead of a cubic
or quadratic one. This is not enlightening that is why we skip this here.
We want to remark that the original set of matrices used by Dirac to describe free fermions
in spacetime D = 1 + 3 are given by α0 = Γ00, α1 = Γ11, α2 = Γ12, α3 = Γ13 and β = Γ30.
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B Conventions of the Chern number
In the study of Chern insulators one finds two different conventions how one can define
the Chern number and the corresponding bulk-edge correspondence.
Let us fix therefore first the plane of the Chern system embedded in the physical three-
dimensional space. We can use numbers 1, 2, 3 to label the unit vectors of a Cartesian
coordinate system which we can identify with the three directions x, y, z. Without loss of
generality we assume that we can define a right-handed Cartesian coordinate system. By
using the wedge product notation of differential forms we can identify the differential form
dk1 ∧ dk2 = dkx ∧ dky with the plane. The two conventions of the Chern number ν(±)j are
then defined like
ν±j = ±
i
2π
∫
M
Tr(Pj ∧ dPj ∧ dPj) = ±
∫
M
dkx ∧ dky Ωj(kx, ky), (B.1)
where Pj is the projector of the band with index j, the field Ωj(kx, ky) is the related Berry
curvature andM is a two-dimensional manifold. There is a conceptional difference in the
choice whether we use the positive or the negative sign in front. To understand this we
have to add a boundary to the system. Again without loss of generality the line x = 0
separates two spaces. Assuming that on one side there is the vacuum with trivial topology
we describe the edge with a decay vector η pointing in the half space not occupied by
the vacuum. We can have two possibilities to define now an edge using the half-space
treatment: either η = ex (x > 0) or η = −ex (x < 0). The difference gives a minus sign in
the definition of the Chern number. An other point is that there are two different ways to
look on the material – two viewing directions: either one is inside the non-trivial material
and looks outwards or one looks on the material from the trivial outside. The decay vector
is the same for both directions.
Let us assume that we have fixed η = ex so that its in-plane orthogonal partner of the
right-handed system (here: ky) defines the propagation direction of possible edge modes
with a positive Fermi velocity. Looking from inside out we have to take the definition ν+.
The sign of the Fermi velocity is then directly related to sign of the Chern number and
the absolute value of the Chern number tells us how many chiral edge states are there.
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Figure B.1: The setting is shown in (a) which leads to different descriptions of the
edge spectrum corresponding to two different conventions (b) and (c) of
the Chern number.
The energy is the third part of the tripod. If we look instead on the material from the
outside, the η points in the opposite direction. To cancel the additional minus sign it is
more convenient to use the definition ν−. The different conventions are also illustrated in
Fig. (B.1).
If we make a cyclic permutation of the defined system we can reach all other relevant
configurations where we have switched the boundary from x > 0 to x < 0 or choose an
other definition of the plane.
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To describe quantum systems with a zinc-blende structure (point group Td) like the text-
book TI HgTe or some ternary Heusler compounds [117], which have a qualitatively similar
band structure and low-energy excitations close to the Γ-point, we can use the extended
Kane model [84]. The zincblende structure (Tab. C.1) has a tetrahedral coordination – two
atom types form two interpenetrating face-centered cubic (fcc) lattices. A special struc-
ture is the diamond structure where we have only one type of atoms so that we have an
additional inversion symmetry. Its crystallographic point group is denoted by Oh.
Figure C.1: The zinc-blende structure is shown. Blue and green spheres correspond
to two different sorts of atoms/elements.
The underlying idea of the extended Kane model is based on the invariant expansion of a
multi-band Hamiltonian in the point group Td. Analyzing its double-group representations
(see Tab. C.1) one find three building blocks which are denoted Γ6, Γ7 and Γ8 representing
spin-full fermions. While the first two have a two-component representation based on spin
j = 1/2, Γ8 has four components which are based on spin j = 3/2 fermions. The spin-orbit
interaction gives rise to this description with new quantum numbers which are related to
the eigenvalues of the total angular momentum Ĵ2 = (L̂ + Ŝ)2 which is the sum of the
angular momentum and spin.
There exist now a lot of different possibilities to create an effective Hamiltonian by includ-
ing more and more valence and conduction bands by combining an arbitrary number of
these irreducible representations Γ6,7,8 to describe the physics close to Brillouin zone center
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Table C.1: Character table for the double group Td with the notation ¯( · ) for the
rotation by 2π, Sn = Cn ⊗ i where Cn is the n-fold rotation and i is
the inversion, and σd for the reflection in a diagonal plane. This table is
adapted form Ref. [105] and Ref. [118].
E Ē 8C3 8C̄3 3C2, 3C̄2 6S4 6S̄4 6σd, 6σ̄d
Γ1 +1 +1 +1 +1 +1 +1 +1 +1
Γ2 +1 +1 +1 +1 +1 −1 −1 −1
Γ3 +2 +2 −1 −1 +2 ±0 ±0 ±0
Γ4 +3 +3 ±0 ±0 −1 +1 +1 −1
Γ5 +3 +3 ±0 ±0 −1 −1 −1 +1
Γ6 +2 −2 +1 −1 ±0 +
√
2 −
√
2 ±0
Γ7 +2 −2 +1 −1 ±0 −
√
2 +
√
2 ±0
Γ8 +4 −4 −1 +1 ±0 ±0 ±0 ±0
better and better. The accurate description [84] of the band-structure close to the funda-
mental gap is given by a 14× 14 matrix including Γc6, Γ
c/v
7 and Γ
c/v
8 where the superscripts
c/v stand for the conduction and valence bands. Nevertheless, it is often convenient to
consider smaller k ·p models. In our work for HgTe we use the eight-band Kane model
H =

H6c,6c H6c,8v H6c,7v
· H8v,8v H8v,7v
· · H7v,7v
 (C.1)
or the Luttinger model which is only the part H8v,8v. The superscript will be neglected
from now on because there is no way for confusion. It is quite easy to see that there is a
hierarchy of k ·p Hamiltonians by successively reducing the size of matrices (size hierar-
chy). The effect of the ignored bands leads to a renormalization of the parameters of the
expansion due to Löwdin partitioning that is why the Luttinger model has effectively re-
duced parameters than the simply bare theory coming from cutting out the parameters of
a larger Kane matrix. An one-to-one correspondence between the parameters is only given
if the irrelevant bands are infinitely large separated from the relevant part of the Hamil-
tonian. Another point is the hierarchy induced by symmetry (symmetry hierarchy). Bulk
semiconductors with diamond-structure are a sub-class of one with zincblende-structure.
Lipardi and Baldareschi [119] showed that
Td ⊂ Oh ⊂ R, (C.2)
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where R is the full rotation group, so that the Hamiltonian can be written as
H = HR + ∆HOh + ∆HTd , (C.3)
with ∆HOh containing only the additional terms allowed by the symmetry Oh from going
from R to Oh and the same for ∆HTd by going from Oh to Td. This symmetry hierarchy
is a very general aspect and can be extended by reversing its meaning. Starting with a Td
Hamiltonian we can split it into three parts: one which is diamond-like but have an axial
approximation, a part which captures the terms missing to complete Oh and the rest is in
the third part. We can write H = Hax + ∆HOh + ∆HTd . This splitting is quite useful.
One example is the growing of zinc-blende HgTe on CdTe. The axial symmetry is here
around the growth direction providing a simplified model to study. The quantization axis
can be chosen to be the crystallographic direction (001) without loss of generality. The
Hamiltonian with full axial approximation around ẑ is defined by the condition
eiαJzHax(Rẑ(α)k)−Hax(k)eiαJz = 0 for all α, (C.4)
where Jz is the z-component of the total angular momentum and Rẑ(α) is the related
rotation matrix
Rẑ(α) =

cosα − sinα 0
sinα cosα 0
0 0 1
 (C.5)
around ẑ by the angle α. To become more explicit we have to fix the basis for the expansion.
The basis states can be written as
|Γ6,±1/2〉 = |S〉 |↑ / ↓〉 ,
|Γ8,±3/2〉 = ∓
1√
2
|X ± iY 〉 |↑ / ↓〉 ,
|Γ8,±1/2〉 =
1√
6
(2 |Z〉 |↑ / ↓〉 ∓ |X ± iY 〉 |↓ / ↑〉) and (C.6)
|Γ7,±1/2〉 = −
1√
3
(± |Z〉 |↑ / ↓〉+ |X ± iY 〉 |↓ / ↑〉),
where |↓ / ↑〉 correspond to the two spin eigenstates of the spin operator Sz with the
eigenvalues ±1/2, |S〉 is the s-orbital |l = 0,ml = 0〉 in the basis of L2 and Lz describing
the angular momentum and |X/Y/Z〉 are the related px, py and pz orbitals. More popular
names in the context of semiconductors concerning the normal ordering of these state as
in CdTe is to name the states |Γ8,±1/2〉 light hole bands (LH) and |Γ8,±3/2〉 heavy hole
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bands (HH). With these states we can fix the Kane Hamiltonian in axial approximation
Hax. All the terms without strain are listed in Tab. C.2 with the common notation.
The strain part is discussed extensively in the main text of this thesis. E0 describes the
energetic difference between the degenerate Γ8 bands and the degenerate Γ6 at |k| = 0
and ∆0 between Γ8 and Γ7. The parameters F, γ1, γ2, γ3 describe the quadratic coupling
to the remote bands while P describes a linear coupling. They are all material-specific
parameters. To fulfill the axial condition we substituted γ2 and γ3 by their arithmetic
mean γ̄.
Table C.2: Expressions of the un-strained Kane model with diamond-like structure
in the axial approximation. Here {A,B} denotes the anti-commutator for
the A,B operators, c.p. cyclic permutations of the preceding term and we
defined γ0 = 2F + 1 and B = ~2/(2m0) with m0 the free electron mass.
blocks k · p interactions
H6,6 E0 +Bγ0k2
H6,8
√
3P T · k
H6,7 − 1√3 P σ ·k
H8,8 −Bγ1k2 + 2Bγ
[(
J2x − J
2
3
)
k2x + c.p.
]
+Bγ [{Jx, Jy} {kx, ky}+ c.p.]
H8,7 6Bγ
[(
T †xxk
2
x + c.p.
)
+
(
T †xy {kx, ky}+ c.p.
)]
H7,7 −∆−Bγ1k2
The appearing matrices are expressed in terms of the usual Pauli matrices σx,y,z, the
J = 3/2 angular momentum matrices
Jx =
√
3/2 12×2 ⊗ σx + (σx ⊗ σx + σy ⊗ σy)/2,
Jy =
√
3/2 12×2 ⊗ σy + (σy ⊗ σx − σx ⊗ σy)/2 and (C.7)
Jz = σz ⊗ 12×2 + 12×2 ⊗ σz/2,
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and the following Ti matrices
Tx =
1
3
√
2
 −√3 0 1 0
0 −1 0
√
3
 , Ty = −i3√2
 √3 0 1 0
0 1 0
√
3
 ,
Tz =
√
2
3
 0 1 0 0
0 0 1 0
 , Txx = 13√2
 0 −1 0 √3
−
√
3 0 1 0
 ,
Tyy =
1
3
√
2
 0 −1 0 −√3√
3 0 1 0
 , Tzz =
√
2
3
 0 1 0 0
0 0 −1 0
 ,
Tyz =
i
2
√
6
 −1 0 −√3 0
0
√
3 0 1
 , Tzx = 12√6
 −1 0 √3 0
0
√
3 0 −1
 and (C.8)
Txy =
i√
6
 0 0 0 −1
−1 0 0 0
 .
The missing parts to restore Td symmetry are listed in Tab. C.3. The parameter κ is
the only parameter destroying axial symmetry in the point group Oh. The parameters
c(= Ck), B±8 (= B±8v) and B7(= B7v) describe the bulk-inversion asymmetry (BIA) of the
zinc-blende structure. The leading order term is characterized by c which goes linear in k.
The origin of this c term in HgTe is the second-order interaction between Γ8 and the 5d
core levels [120, 121]. This term leads to a splitting of the HH and the LH bands linear
along (110) given by
∆ELH =
√
3
2 ck(110) +O(k
2
(110)) and ∆EHH =
3
√
3
2 ck(110) +O(k
2
(110)), (C.9)
where k(110) is the k-component along (110). By fitting the Kane model to experimental
data or using a direct access by ab-inito calculations we get access to these parameters.
The band structure parameters for a 6× 6 Hamiltonian of HgTe (excluding the Γ7 block)
are given in Tab. C.4. For this description we assume that ∆ → ∞. This corresponds to
the idea that the Γ7-block is large enough separated from the physically relevant part and
so its weight in the wavefunction is 0.
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Table C.3: Corrections to the Kane model to restore the full Oh and Td symmetry
with the same notations like in Tab. C.2, κ = (γ2 − γ3)/2 and the BIA
parameters c,B±8 and B7.
blocks k · p interactions
∆H8,8Oh 2Bκ
[(
J2x − J
2
3
)
k2x + c.p.
]
−Bκ [{Jx, Jy} {kx, ky}+ c.p.]
∆H8,7Oh 6Bκ
[(
T †xxk
2
x + c.p.
)
−
(
T †xy {kx, ky}+ c.p.
)]
∆H6,8Td
√
3
2 iB
+
8 (Tx{ky, kz}+ c.p.)
+
√
3
2 iB
−
8
[
(Txx − Tyy)(k2z − k2/3)− Tzz(k2x − k2y)
]
∆H6,7Td −
i
4
√
3B7(σx{ky, kz}+ c.p.)
∆H8,8Td
1√
3c
[
{Jx, J2y − J2z }kx + c.p.
]
∆H8,7Td −i
√
3c(T †yzkx + c.p.)
Table C.4: The band structure parameters for inversion-symmetric HgTe of Ref. [47]
at T = 0K, the BIA parameters from Ref. [120] and Ref. [92]
E0 F P
2/B γ1 γ2 γ3 c B
− B+ ≈ B7
−0.3 eV 0 18.8 eV 4.1 0.5 1.3 −74.6 meVÅ 1 eVÅ2 −20 eVÅ2
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All the topological aspects are discussed mostly within the three generic symmetries. Nev-
ertheless there exists a richer periodic table of TIs and superconductors if we include lattice
symmetries. They are called topological crystalline insulators [122]. These are symmetry-
protected topological phases including crystal symmetries. It is true that they are weakly
protected, but they can also give us insights in the symmetry classes of the generic symme-
tries. The analysis of the crystallographic point groups Td and Oh exhibit mirror planes.
Those planes are for instance useful for studying Hg-based chalcogenides[112]. In this
chapter of the appendix we want to fix those mirror operators which are defined for a
plane with normal vector n as
Mn = IRorbn (π)Rspinn (π)fn, (D.1)
where I is the matrix part of the inversion, Rorbn (π) is the one of the orbital rotation by
π around the normal vector, the spin-rotation Rspinn (π) = in ·σ acts on the spin space
and fn flips the sign of the k component parallel to n. A tetrahedron is invariant under
6 mirror operations while a cube has 9. The (100), (010) an (001) planes are the three
lost mirror planes going from a diamond structure to the zinc-blende structure. First of
all we want to determine the three mirror planes ex,y,z in the context of the extended 8×8
Kane model. The rotation of the orbital part leaves all states invariant except for a sign
flip of the states |j〉 which are not aligned to ei (j 6= i). This behavior can be written as
Rorbei (π) = IFei where Fei is the operator changes |i〉 → − |i〉 and
I =

1Γ6Γ6 0Γ6Γ8 0Γ6Γ7
. −1Γ6Γ6 0Γ8Γ7
. . −1Γ7Γ7
 (D.2)
is the inversion matrix. The mirror operator can be brought in the form Mei = 2iFeiSifei
using the 8×8 representation Rspinei = 2iSi with the spin operators [Si, Sj] = iεijkSk. They
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can be written explicitly in the block form
2Si =
 σi 02×6
06×2 2si
 (D.3)
using Pauli matrices for the Γ6 bands and the spin matrices with the small letters for the
Γ7 and Γ8 bands. Those 6× 6 matrices are given by the three components
sx =

0 12√3 0 0
1√
6 0
. 0 13 0 0
1
3
√
2
. . 0 12√3 −
1
3
√
2 0
. . . 0 0 − 1√6
. . . . 0 −16
. . . . . 0

,
sy =

0 − i2√3 0 0 −
i√
6 0
. 0 − i3 0 0 −
i
3
√
2
. . 0 − i2√3 −
i
3
√
2 0
. . . 0 0 − i√6
. . . . 0 i6
. . . . . 0

(D.4)
and the z component
sz =

1
2 0 0 0 0 0
. 16 0 0 −
√
2
3 0
. . −16 0 0 −
√
2
3
. . . −12 0 0
. . . . −16 0
. . . . . 16

.
The mirror operators are then fixed to be
Mx = i

σx 02×4 02×2
04×2 σx ⊗ σx 04×2
02×2 02×4 −σx
 ,My = i

σy 02×4 02×2
04×2 −σx ⊗ σy 04×2
02×2 02×4 −σy
 (D.5)
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related by My = eiπ/2JzM−xe−iπ/2Jz and
Mz = i

σz 02×4 02×2
04×2 σ0 ⊗ σz 04×2
02×2 02×4 −σz
 . (D.6)
For the other 6 directions (illustrated in Fig. D.1) we can use a rotation matrix connecting
the mirror operators. They are the diagonal planes in a cubic description. The vectors
point in the direction: (110), (1̄10) and in all equivalent directions following out of a cyclic
permutation of those two planes defined by a 2π/3 or 4π/3 rotation around the axes (111).
To fix the normal vectors of the planes we chose a right-handed system connecting
Mx →M(110) →My →M(1̄10) →M−x (D.7)
by rotations around the z-axis with the angle π/4. We can write
M(110) = e−iπ/4JzMxe+iπ/4Jz and M(1̄10) = e−iπ/4JzMye+iπ/4Jz . (D.8)
Figure D.1: A tetrahedron represents the symmetry group Td with 6 mirror planes.
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Zusammenfassung auf Deutsch
Diese Arbeit beschäftigt sich mit topologischen Isolatoren (TI) und deren effektive Be-
schreibung mit Hilfe von k ·p Hamiltonians am Beispiel von einfachen topologischen Mo-
dellen und Queckersilbertellurid (HgTe). Die Beschreibung der physikalisch-relevanten
Phänomene erfolgt dabei nur effektiv mit langreichweitigen Niedrig-Energie-Anregungen
und trägt einen lokalen Charakter in Potenzen von Diffentialoperatoren ∂i. Die dabei auf-
tretenden topologischen Aspekte sind jedoch globale Eigenschaften des Systems. Diese
Dichotomie zwischen lokalen und globalen Eigenschaften gibt Anlass sich zu fragen, ob ei-
ne gewisse effektive Beschreibung den korrekten topologischen Inhalt in sich trägt. Anders
formuliert könnte man fragen, ob die Gitter-Theorie die topologischen Informationen in
eine approximative Theorie vererbt oder nicht.
Im ersten Teil beschäftigen wir uns mit den topologischen Isolatoren im Allgemeinen.
Hierbei betrachten wir illustrative Beispiele, die uns verdeutlichen sollen was eine effek-
tive Beschreibung leisten muss, um hinsichtlich ihres topologischen Aspekts relevant zu
sein. Daraus folgt die Idee, dass wir sicherstellen müssen, dass jeder effektiven Theorie ein
topologischer Aspekt innewohnen muss, um Aussagen zu treffen. Durch das Studium von 2-
Band Systemen können wir eine neue Klasse von effektiven Hamiltonians neben den schon
häufig-verwendeten kompakten Theorien von topologischen Hamiltonians identifizieren.
Der Unterschied liegt nicht nur allein in der Kompaktheit dieser Modelle, sondern auch in
der Beschreibung der topologischen Invarianten und der dazugehörigen Bulk-Oberflächen-
Korrespondenz.
Im weiteren Teil betrachten wir HgTe, welches sich nach epitaxischem Wachsen auf Cd-
Te von einem Halbmetall zu einem starken topologischen Isolator wandelt. Die nicht-
topologischen Eigenschaften dieses Materials können sehr gut mit einer Niedrig-Energie-
Theorie beschrieben werden. Das Model, welches den langwelligen Teil der Physik be-
schreibt, ist der sogenannte Kane Hamiltonian. Mit dem in den ersten Kapiteln entdeckten
Wissen über den topologischen Ursprung in effektiven Theorien können wir nun sicherstel-
len, dass unsere Schlussfolgerungen, welche wir aus dieser Theorie ziehen, topologisch d.h.
mathematisch haltbar sind. Dies ist ein Aspekt, welcher in vielen Arbeiten komplett igno-
riert wird, aber absolut notwendig ist.
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Der Vorteil einer effektiven Beschreibung liegt klar auf der Hand: Eine Analyse des Ka-
ne Hamiltonians gibt uns die Möglichkeit die topologischen Oberflächenzustände unter der
Annahme einer freien Oberfläche direkt analytisch zu ermitteln. Die Fermi-Geschwindigkeit
beschreibt hierbei die konstante Änderung der Energie entlang der Propagationsrichtung
der chiralen Oberflächenzustände. Die Zerfallslänge gibt an, wie tief dieser Zustand in den
TI eindringt kann, wenn er im Kontakt mit dem Vakuum steht. Dabei werden zwei inter-
essante Aspekte besonders betrachtet: Auf der einen Seite sind es die sogenannten Seiten-
Oberflächen mit deren Spin-Struktur, welche eine interessante Abhängigkeit unter mecha-
nischer Spannung aufweisen, auf der anderen Seite betrachten wir die Haupt-Oberfläche
definiert durch die Heterostruktur-Stapelung. Im Gegensatz zu den Seitenflächen zeigt
sich hier, dass der Dirac-Kegel in Bulk-Zuständen eingebettet ist. Wir geben Antwort auf
die Frage, was passiert, wenn wir von dem meistverwendeten künstlichen inversionssym-
metrischen System zu einem System mit realistischer Zinkblende-Struktur überwechseln,
und zeigen, dass die Oberflächen-Potentiale einen sehr starken Einfluss auf die Oberflä-
chenzustände haben. Sie bestimmen maßgeblich die Existenz und die Eigenschaften der
niedrig-dimensionalen Dirac-Physik.
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1. Quantum collapses and revivals of matter wave in dynamics of symmetry breaking.
F. Kirtschig, J. Rijnbeek, J. van den Brink, and C. Ortix.
Phys. Rev. B 87, 014304 (2013).
Abstract: Quantum processes can be described in terms of a quasiprobability distribu-
tion (the Wigner distribution) analogous to the phase-space probability distribution
of the classical realm. In contrast to the incomplete glimpse of the wave function
that is achievable in a single shot experiment, the Wigner distribution, accessible
by quantum state tomography, reflects the full quantum state. We show that dur-
ing the fundamental symmetry-breaking process of a generic quantum system, with
a symmetry-breaking field driving the quantum system far from equilibrium, the
Wigner distribution evolves continuously with the system undergoing a sequence of
revivals into the symmetry-unbroken state, followed by collapses onto a quasiclassical
state akin to the one realized in infinite-size systems. We show that generically this
state is completely delocalized both in momentum and in real space.
No part of this work is included in the thesis.
2. Topological classification of k ·p Hamiltonians for Chern insulators.
F. Kirtschig, J. van den Brink, and C. Ortix.
arXiv:1503.07456 (2015).
Abstract: We proof the existence of two different topological classes of low-energy
k ·p Hamiltonians for Chern insulators. Using the paradigmatic example of single-
valley two-band models, we show that k ·p Hamiltonians that we dub local have a
topological invariant corresponding precisely to the Hall conductivity and linearly
dispersing chiral midgap edge states at the expansion point. Non-local k ·p Hamil-
tonians have a topological invariant that is twice the Hall conductivity of the system.
This class is characterized by a non-local bulk-edge correspondence with midgap edge
states appearing away from the high-symmetry k ·p expansion point.
141
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tation.
3. Surface-state spin textures in strained bulk HgTe: Strain-induced topological phase
transitions.
F. Kirtschig, J. van den Brink, and C. Ortix.
Phys. Rev. B 94, 235437 (2016).
Abstract: The opening of a band gap due to compressive uniaxial strain renders bulk
HgTe a strong three-dimensional topological insulator with protected gapless surface
states at any surface. By employing a six-band k ·p model, we determine the spin
textures of the topological surface states of bulk HgTe uniaxially strained along the
(100) direction. We show that at the (010) and (001) surfaces, an increase in the
strain magnitude triggers a topological phase transition where the winding num-
ber of the surface-state spin texture is flipped while the four topological invariants
characterizing the bulk band structure of the material are unchanged.
A large part of this publication has been included in Chapter 6 of this dissertation.
4. Dirac physics in the topological surface spectrum of uniaxial strained HgTe.
F. Kirtschig, J. van den Brink, and C. Ortix.
unpuplished.
Abstract: The existence of topological surface states especially Dirac cones are the
hallmark for 3D topological insulators and essential for many desired applications in
quantum computing. In the paradigmatic example of uniaxial strained HgTe we will
show that the existence and the features of those Dirac cones depend crucial on the
boundary conditions and their strict topological protection which we can understand
by analyzing its Mirror Chern physics.
Parts of this publication have been included in Chapter 6 of this dissertation.
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